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ABSTRACT: The Wilcoxon (Mann-Whitney U), Mood, and Smirnov tests are presented to

test for differences between two populations when the assumptions of the pertinent
parametric tests are not met. A point and interval estimator for the location difference
between two populations is also presented. All procedures are used to compare the
lengths of two populations of legal size brown trout.

INTRODUCTION: In many natural resource experimental and sampling situations, two
independent samples are obtained by either taking a random sample from each of two
populations or by assigning two treatments at random to a set of relatively homogeneous
sampling units. The sampler then wants to make inferences about differences between
the two populations or treatments based on sample data.

The parametric tests for comparing the two populations are the t-test for comparing
two means and the F-test for comparing two variances. The assumptions underlying
these tests are (1) mutually independent random samples, (2) the variable (characteristic)
of interest is normally distributed, and (3) measurement is on at least an interval
scale. The t-test is also based on the assumption of homogeneous variances.

In many situations, measurement {s not on at least an interval scale, variances
are not equal, and/or the underlying distribution is not normal with sample sizes too
small to make use of the Central Limit Theorem, Nonparametric procedures should be
used in these situations.

The objective of this paper is to present the Wilcoxon (Mann-Whitney U), Mood,
and Smirnov tests to test for differences between the two populations or treatments.

A point and interval estimator is also presented for location differences between the
two populations. All procedures assume two mutually independent random samples,
continuous random variables, and a measurement scale that is at least ordinal. All
procedures are used to compare the lengths of two populations of legal size brown
trout.

EXAMPLE: Six and 8 legal size brown trout (Salmo trutta) were collected from Area 1
(Meadows Area) and Area 2 (old Pipeline Area), respectively, in Cooks Run, a stream
in Iron County, Michigan, using electrofishing :echniques.ﬁj The lengths in inches
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of these trout are shown in Table 1. Y, is the length of the ith trout and n

is the number of trout sampled from Area 1. Xj is the length of the Ith trout

and m i{s the number of trout sampled from Area 2.

Table 1. Lengths in inches and sample statistics of legal size brown trout from
areas 1 and 2.

Area 1 Area 2
OBSERVATION v OBSERVATION ¥ OBSERVATION x OBSERVATION x
NO. (i) i NO. (1) i NO. () 4 NO. (1) ;I
- 13.8 4 13.0 : 10.8 5 10.2
2 17.0 5 14.6 2 12.0 6 10.3
3 10.5 6 14.4 3 12.2 7 12.1
4 11.8 8 10.0
AREA 1 AREA 2
sample size: n=6 m=8

mean: Y = 13.88 X =11.18

variance: Sy2 = 4.5457 sy’ = 0.8879

skewness coefficient: ¥~ -0.04 ¥1= -0.10

kurtosis coefficient: ¥,= -0.81 §2= -1.94

The two areas were similar in average stream width, velocity, and discharge.
Area 1 had a greater average stream depth, more square feet of undercut banks and
weed beds, and less square feet of overhanging brush and submerged logs.

1 will assume that the two samples of trout obtained by electrofishing are two
mutually independent random samples from two populations.

NONPARAMETRIC PROCEDURES: In comparing two populations using independent random
samples from each population, the sampler should be aware of the following nonpara-
metric statistical procedures: (1) the Wilcoxon or Mann-Whitney U test, (2) point
and interval estimates for location differences, (3) Mood's test, and (4) the
Smirnov test.

Wilcoxon (Mann-Whitney U) Test: The Wilcoxon or Mann-Whitney U test (Conover 1971,
Lehman 1975) should be used to test for the difference between population distribu-
tion functions when the difference takes the form of the observations for one
population being, in general, larger than the observations from another population.
For the two-sided test, the null hypothesis H°=P(X<Y) = 1/2 is tested against the

alternative hypothesis lep(x<v) # 1/2. Y and X are the random variables associated

with populations 1 and 2, respectively.
1f it is assumed that the difference between population distribution functions
is strictly a difference in location, then the null hypothesis Ho=uY = ux is tested

against the alternative hypothesis Hl:nY = My where u, and uy are the population

g !
means of the random variables Y and X, respectively.

The two independent samples of size n and m from the populations with random
variables Y and X, respectively, are pooled. The smallest observation (value) of
the pooled data is given a rank of 1 while the largest value is given a rank of N
where N = n + m. The Wilcoxon statistic can be either

n m
(1) W = Isi or W, = Lr
% g T oyl



where s, Is the rank assigned to the ith observation from the sample of size n, r

i J
is the rank assigned to the jth observation from the sample of size m, and
W+ Wr = N(N+1)/2. T will use “s as the test statistic.
The decision rule for the Wilcoxon test is: Reject H if wq £ W, or
H a/2
Ws > W ; otherwise Accept Ho- WS and W are the lower and upper critical

s s
1-a/2 a2 1-a/2
values of the Wilcoxon statistic WS, and o is the level of significance. The large

sample (n and m > 10) normal approximation for WS and the midrank procedure for

handling tied observations can be found in Lehman (1975).

The Mann-Whitney U test is the same as the Wilcoxon test except for a constant.
The Mann-Whitney U statistic Us = “s = n(n+1)/2. US is the number of pairs
(Yi - Xj) where Yi > Xj for i=1, ..., nand j =1, ..., m. Tabled critical values
are more commonly found for US than for Ws (Conover 1971, Lehman 1975).

For the trout example, the pooled ranks of the raw data (si and rj) for the

two samples with n = 6 and m = 8 are shown in Table 2. From Table 2,

6
W =1Is; = 64, 0 = 64 - 21 = 43. Assuming a = 0.05, US = 8 and U, = 40
i=1 0.025 0.975
(US = nm - Us ). Since US > 40, we reject HD and find that the brown
0.975 0.025

trout from Area 1 are significantly longer than those from Area 2. (Y-X=13.88-11.18=2.70).
The parametric t-test for comparing means gave the same results.

The Wilcoxon test has an asymptotic relative efficlency (A.R.E.) (Conover 1971,
Lehman 1975) of 0.955 when compared to the two-sample t-test for independent samples
Table 2., Pooled ranks of the raw data (si and rj) and the deviation form of the

data (si' and rj') from the two samples with n = 6 and m = B for the

trout example.

1 or § AREA #1 — AREA {12 =

] )

Yi 5y Yi -Y sy Xj Afj Xi - X r_1

1 13.8 11 -.083 7 10.8 5 -.375 6
2 17.0 14 3.117 14 12.0 7 .825 Ll
3 10.5 4 -3.383 L 12.2 9 1.025 13
4 13.0 10 -.883 4 11.8 6 .625 9
5 14.6 13 717 10 10.2 2 -.8975 3
6 14.4 12 .517 8 10:3 3 -.875 5,
7 12:1 8 .925 12
8 10.0 1 ~1,175 2

when all of the assumptions of the t-test are met. Thus, the Wilcoxon test is only
slightly less powerful than the t-test under such circumstances. The lowest the
A.R.E. can be regardless of the underlying distribution of the random variables is
0.864. The Wilcoxon test can be considerably more powerful than the t-test for
certain distributions.

The Normal Scores and Savage tests are more powerful than the Wilcoxon test
under certain circumstances (Lehman 1975).



Point and Interval Estimators: A nonparametric point estimate can be made of the
location difference 4 between two populations with the use of the ordered pairs

(Yi - xj) (Hollander and Wolfe 1973). The estimate is

(2) & = median (¥, - xp).
The ordered pairs (\’i - Xj) for i=1, . . ., 6and =1, . . . , B for the trout

example are shown In Table 3. There are nm = 48 pairs ordered from smallest to

Table 3. Forty-eight ordered pairs (Yi - xi) for the trout example.

Yi - Xj
-1.7 -3 1.6 2.3 2.7 3.6 4.3 5.0
-1.6 5 1.7 2.4 2.8 3.6 4.4 5.2
-1.5 .8 1.8 2.4 2.8 3.8 4.4 6.2
-1.3 .9 2.0 2.5 3.0 3.8 4.6 6.8
- 23 1.0 2.2 2.6 3.0 4.1 4.8 6.7
+2 1.2 2.2 2.6 3.5 4.2 4.9 7.0

}argest. i = 2,64 for the trout example. The parametric point estimate of 4 is
4 =Y-X=2.70.

A nonparametric confidence interval can also be calculated for & with the use
of the ordered pairs (YI - xj) (Hollander and Wolfe 1973). The lower and upper
bounds are AL = tYi - xj)ufl u?d Ag = (Y
confidence interval for A is [AL. AU].

;" xj’l—nl!' respectively. The (1-a)Z

AL = 0.5 and BU = 4.6 for the trout example with a = 0.05. Therefore, the 95%
confident interval for A is [0.5, 4.6]. The parametric 95% confidence interval for
A based on the t-statistic is [0.87, 4.53]. The parametric confidence interval
assumes that Y and X are normally distributed while the nonparametric confidence
interval applies regardless of the distributions of Y and X.

The Mood Test: The Mood test (Conover 1971) should be used to test the difference
between population distribution functions when the difference is strictly a difference
in dispersion or variance or scale. It assumes that the two populations have the
same location. Since this is usually not true, an approximate procedure must be used.
The approximation becomes better as m and n increase. For the two-sided test, the
null hypothesis Hg, iy? = 1 is tested against the alternative hypothesis 81:72 $1,
where Y? =g z/gxz and uYZ and uxz are the variances of the random variables Y and X,
respectively.

The ﬂood statistic is

N+1, 2
M =7 (e =5
S a1 X

where s, is the pooled rank of the ith observation from the sample of size n. When
there is a location difference, the approximate Mood statistic is
() W' =L (s - ¥2

& g i 2 )

where si' is the pooled rank of the ith observation Yi -, Yt ~-Yforis= o s

n and X, - Xfor j=1, ..., mare pooled together to obtain the pooled ranks



s(1=1, ..., n) and rJ' g=1,...,m. ¥ - ¥ and X, - X are the

deviation form of the data.
The pooled ranks of the deviation form of the data for the trout example

6
(Table 2) yield Hs' =91 (si' - 7’.5)2 = 103.5. Critical values for Mood's statistic

i=1
can be found in Laubscher et al. (1968). Assuming a = 0.05, the lower critical value
Hs‘ = 43.5 and the upper critical value Ms' = 151.5. The decision rule
0.025 0.975
for Mood's test is: Reject Ho 7 3 Ms' £ or Hs' > M ; otherwise accept

; %0.025 #0.975
Hu' For the trout example, the Mood test shows no significant difference between
the variances of the two populations. The parametric F-test for comparing
252 3
5,775y st =5.12 and F}Q?S;S'T-s.zq).

When the assumptions of the F-test are met, Mood's test has an A.R.E. of 0.76
relative to the F-test. The Mood, Siegel-Tukey, and Freund-Ansari tests can all be
used to test for equal variances with small sample sizes; however, the Mood test
appears to be most powerful (Conmover 1971). There are more powerful nonparametric
procedures available for larger sample sizes (Hollander and Wolfe 1973).

two variances barely accepted HD(F

The Smirnov Test: The Smirnov test (Comover 1971) should be used to test for the
difference between population distribution functions when the difference is any type
of difference (e.g., location, dispersion, skewness, etc.). If the difference is
unknown or it is known that there are at least two types of differences, the Smirnov
test should be used.

For the two-sided test, the null hypothesis HO:P(\’) = F(X) is tested against
the alternative hypothesis HI:F(Y) # F(X) where F(Y) and F(X) are the cumulative

distribution functions (c.d.f."'s) of Y and X, respectively. If F(Y) lies above F(X),
values of X tend to be larger than values of Y. If F(Y) is steeper than F(X), values
of X have more dispersion than values of Y.

The Smirnov statistic is

(5) o = Max|s (V) - 5 (%)

»
which is the maximum vertical distance between the two sample c.d.f.'s Sn(Y) and

S (X).
™" For the trout example, Sn('(). sn(x). and ISD(Y) - sm(x)[ are shown in Table 4

for all values of X and Y. Sn(Y) and sm(x) are plotted in Figure 1. Dy g = 0.833

Table 4. Sm (x), Sn(Y), and ]Sn(Y)—Sn(x)] for all values of Y and X for the trout
example
Y X 5 sm [sm-smf Y X s sm [5M-500

10.0 1/8 ] 0.125 12.1  7/8 1/6 0.708
10.2  2/8 0 0.250 12.2 1 1/6 0.833
10.3 3/8 0 0.375 13.0 1 2/6 0.667
10.5 3/8 1/6 0.208 13.8 1 3/6 0.500
10.8 4/8 1/6 0.333 14.4 1 4/6 0.333
11.8 5/8 1/6 0.458 14.6 1 5/6 0.167
12.0 6/8 1/6 0.583 17.0 1 1 0
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Figure 1. su(x), Sn(Y). and Dn.n for the trout example.

(Table 4, Figure 1), and the critical value DO.DS;S.B = 0.667. Since DG.B > 0.667,

the two distributions are significantly different in some way. Figure 1 indicates
that the values of Y tend to be larger and more dispersed than the values of X.
Y also appears to be less negatively kurtotic than X (Table 1).
A table of critical values of Dn o can be found in Conover (1971).
»

CONCLUDING REMARKS: For the trout example, the nonparametric statistical procedures
show that the two populations of legal size brown.trout are significantly different.
The Smirnov test shows that the populations are different in some way(s). Examina-
tion of the two sample c.d.f.'s indicates that the length of trout in Area 1 appears
to be greater and more dispersed than that of Area 2. The Wilcoxon test and the
confidence interval show that the length of trout in Area 1 is significantly larger
than that of Area 2. The Mood test shows no significant difference between the
variances of the two areas even though the sample variance of Area 1 is about 5 times
the sample variance of Area 2. Remember that the sample sizes are relatively small,
the approximate Mood statistic was used, and the A.R.E. of Mood's test relative to
the F-test under the assumptions of the F-test is 0.76. The results, in general,
show that the length of trout in Arxrea 1 are larger and more dispersed than Area 2.
This agrees with 7 years of data from these two areas.

The Smirnov test 1is more sensitive to differences in location accompanied by
other differences (e.g., variance, skewness, etc.). The Wilcoxon test ls more
sensitive to differences only in location. The Mood test is more sensitive to
differences only in dispersion and assumes equal locations.

The nonparametric procedures presented in this paper should be used for the
2-sample case when the assumptions of the appropriate parametric procedures can not
be met and sample sizes are small. They are easy to use and tables of critical
values are readily available. Large sample approximations are available for all
tests and modifications can be made for tied observations (Conover 1971, Lehman 1975).

I strongly believe that nonparametric procedures should be used more widely
where they are applicable. For small sample sizes, such procedures compare more
favorably with parametric procedures as deviations from the assumptions of parametric
procedures increase. For many distributions, nonparametric procedures are consider-
ably more powerful than parametric procedures.
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100% Mark With 3P Sample or Multistage 3P Cruising:
Which Method Should A Forest Manager Use?

By: William H, Carson, Jr. o

Abstract: This paper presents two simple equations which can help a
forest manger decide which 3P system to choose: 100% Mark with 3P
Sample or Multistage 3P Cruising.

Standard 3P procedures (100% mark with 3P sample) are effective, but can
become costly when a large number of trees must be visired. Multistage
3P cruising (USDA For.Serv., 1976; Estola, 1979) significantly reduces
the number of trees that must be visited on large sales. Both systems
have inherent cost and time factors which should be considered by a
forest manager.

The following equations can be used to compare the cost or time require-
ments of each system:

1.  100% Mark with 3P Sample

Total Estimated Volume (or Acres)
Total Time = Volume (or Acres)
Marked and 3P Sampled/Crew/Unit of Time

2. Multistage 3P Cruising

Total Estimated Volume (or Acres)
Total Time = Volume (or Acres)/ /,
Marked Crew /Unit of Time

No. of 3P Plots Required
No. of 3P Plots completed/Crew/Unit of Time

The following example was developed using representative data from
Ponderosa Pine sales in the Black Hills:

Given: Sale Area = 200 Acres
100% Mark with 3P Sample requires 70 sample trees

Multistage 3P Cruise requires 100 sample trees
(100 plots; 700 tree visits)

Forester, Bureau of Land Management, P.0. Box 757, Newcastle,
Wyoming 82701



A two-man crew can 100% mark with 3P sample 10 acres/day
regardless of the number of sample trees.

A two-man crew can multistage 3P cruise 20 plots/day.
A two-man crew can mark 20 acres/day.

Substituting in equations 1. and 2.

200 Acres
Time = 10 Acres/day = 20 days
100%
200 Acres + 100 Plots
Time - 20 Acres/day 20 plots/day = 15 days
Multistage

In this case a Multistage 3P Cruise would be more economical than a 100%
Cruise with 3P Sample. 1If the sale had been less than 100 acres, the
1002 Cruise with 3P Sample would have been more economical.
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ERRATA

There are several substantive errors in "Computing Optimum Plot Sizes for Wildlife
Inventories", an article which appeared in Resource Inventory Notes (BLM 23, July,
1979). These errors are the responsibility of both the editor and the author of
the article. An alert reader, after working with the formulas, brought these
mistakes to the attention of the editor. 1In turn, the editor passed these
comments on to the author, who was invited to correct them. These corrections

are listed below:

1. Page 9, 2. Number of Necessary Plots, first paragraph, should read:

Suppose we accept the precision that a sample of 10 plots of one hectare
each will give (after Wensel, 1976). Now, to calculate the number of plots of
other sizes that meet the same precision, use this formula:

2. Page 9, 2. Number of Necessary Plots, second formula (example), should read:

- [ 2 _‘leo- 35 plsts

3. Page 11, first line of the page, the x should be omitted.

4. Page 11, first formula, should read:
2 -0.27 | -0.54
o | Sy, x o= | =3 x 10 = 10s
0.5 5

5. Page 11, the table should read:

Plot Size C.V. n Area Sampled

10 1
11
15

0 Hectares
9
7
19 5.
4
3
2
1

hectare

24
35
50
120

N O NT WU
FENWNOVOoOWOo

(=N -N-N-N-N-R=
CoOFNLWLEO
~F~FOo0O000O00

5
1

6. Page 12, mid-page, the equation should read:
Set it equal to zero.

-0.54 -1.54

o= (4.6 bs ) - (5.4 as )

10



7. Page 13, first paragraph, should read:

C.V.x¢t

Error of the estimat
mate = N

8. Page 13, second paragraph, should read:

C.V. x ¢t
Va

Error of the estimate =

9. Page 13, fourth paragraph, the following changes should be made:

Tv 1 hectare . 9

Tv minimum &1 - ua
Tv 0.5 hectare = 73
Tv minimum 61 = 1202

10. Page 14, under Data Points, the following change should be made:
8 Tv
.10 62.4
11. Page 15, under Summary, should read:

(tv=n(bs + a))
and

e T
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