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J. Ts·1·HonucnoN 

In any field of enclea vuur wu ich trnnsgrcsses the boundary bet\\'een 
fundnmental and applied d isciplines there tend to be t \\'o alternativo 
npproaches : the user's approach, '' \Vbat do I wish to do, ami how cnn 
it best bo done ·?" a nd the more fW1damental " \Vhat ca11 most efficiently 
be done, and what can it be used for ?" The approaches are more 
differcnt than is commonJy realized, a nd both are neccssary. Tliese 
roílections are prompted by the appoam11cc of t ho fü-st major text-l,ook 
devoted to numerical taxonomy, that dueto Soka l and Sneath (1964). 
This will provide an admirable int roduction for those botanists wishing 
to en ter this rnpidly dcYeloping field ; n.nd it is no dcnigration of t his 
importa 11t, work to suggest that t he a uthon; aro lcss r igorous in their 
exami.nu.tion of the methods than they are in thei.r use aud interpreta-
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t ion, for it is wit,b thcse latter aspects t hat they are primarily con cerned. 
The user 's intercsts in plan t ccology are similarly met by Grcig-Smith 
(1964) and, in a more limited context, by an article which to :;orne 
extent complements ou.r own (Lamhert and Dale, 1964). Excellent 
bibliographies have been provided for t axonomy by Sokal and Sneath 
(1964) and for ecology by Goodall (1 962) a nd Greig-Smith (1964). 

Our intention is d ifferent. The newcomer to t.his field is faced with a 
formidable divorsity of methods, all apparently fulfilling closely similnr 
functions. It is nevert heless om· contcntion t hat thc numlJcr of 
fundamcntally d istinct mcthods is vcry smaU, and t hat critcria can 
be erected which will clarify t he distinctions bctwcen them, and be
tween thei.r numerous variants. This is t he aim of this communication. 
,ve shall not be concomed with the problem of allocation toan existing 
classificat ion, wbich is the province of discriminant ana lysis. 

Although all t.ho methods we shall discuss are in principlc applicable 
to hota nical problcms , few havo yct bccn so applicd ; our rcfcronccs will 
therefore of neccssity be dro.wn from tL wide varicty of disciplines . 
Symbols used will be conve11tional; but in the 2 x 2 contingency table 
arising from the possession (J ,K ) or lack (j,J..:) of two attributes J a nd 
K , two convcnt ions now exist for t hc number of individuaJs in cach 
class : tbo alternatives are set out below: 

- .T - .J 

r ' 

1 

a !J ' 
1 
1 

- E e 1 d 

1 

(!.-) -K 

.. 

(J ) (j) N n 

(i) (ii) 

Schcmc (i) is ohlcr, a.n<l ha.-; long bcen usc<l in clcmc11tary statistical 
texts ; scheme (ii) is used by Sokal and Sncath. The laUcr is moro 
informative, but is clumsy in algebraic cxprcssions and i.11 our cxpcrionce 
is casily misread. When such a table is at iss ue, we shall ther<'fore 
aclhere to t he (a,b,c,d) convention . 

1 
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TI. Tm, NATURE AND PRoP .i,;RTIES o~· C LASSiflCATJONS 

A. ·rnE BASIC AXIOl\lS 

Most genera l d isc11 ·sions on classifica.tion are concorned to define, 
and to d istinguish between. existing typ es of classification ; such , for 
example, are the discussions in Lawrence (1951), Beckncr (1959), 
Gilmour (1951) and Soka l and Sneath (1904). It is importa nt for our 
purposcs, howevcr, to establish the mínimum requirements which a ll 
classifications must meet . and we resta.te tho problem as follows. A 
population consists of eloments, ea ch of which can be individually 
describod by reference to a predctermined list of " releva nt charac
teristics" . T his population is subdividcJ into sets of elemonts . what 
rcquiremcnts must be fulfi licd by these sets for the sub-di vision to ranJ.; 
as a classification ? We submit that the followi.ng ax.ioms will suffice. 

(I) \ Vithin every ma11y-mcmbcroJ :;et tbcrc m1.1St lJo, for every mcmber 
of the set , at least one other mcmber wi th which it shares at least one 
relevant characteristic. 
(2) Membership of t he set may 11ot itscl f be a rolcva11 t charncterist ic. 
(3) Every membcr of any one set must d iffer in a t least one relc va11t 
characteristic from every mcmber of ernry other set . 

Axiom (1) introduce:; a concept of .. likcncss" and ensures t hat an 
element cannot be classifiecl if noth ing is known about it . Axiom (2) 
has two important consoquonces. First , cliv ision into groups dcfincd 
solcly as po:-;:;ossing 1L sta,ted numbcr of mcmbers (such as di viding u 
pop ulation into groups of ten, or dividing it e4ually into eight parts) 
is excluded ; secondly, a U classifications must be open-cndcd-there 
mny be no kncnvn mcm bers tu ncld to a set, but it m ust 11ot be impossible 
by definit ion to add more. Axiom (3) not 011ly ensures t hat ident icals 
cannot be d istributed between cliffcrcn t sets. but makcs provision for 
t,ho s inglo-momborc<l ,;et . 

Althouglt Lhcso a xiums will sullicc to clcli11c a classific:atio11 . tl1cy are 
not in general :mfficien t to defino ouc wltich is useful. \ Ve therefore need 
to d iscover wha t addit ional const,raint,; must be imposed to enable our 
classification to meet spocifir externa! rcquirements, and it is from this 
point of view t hat we now proceccl to examine some of the basic 
problems in numerica l ta xonomy. 

D. llIONO'l'H ETl C AX l> POLY'l'JIETIC CLASSI FICA'l'JOX::; 

T hesc tcrms wcre introduccd by Sneath ( 1962) to rnpl:tee Bcckncr's 
(1959) terms "monotyp ic" a11cl " polytypic" (wit.hout changing Bcck11er 's 
J ofinitions), si11ce these tcrms lmve other meanings. 'l'hc sets i11 a mono-
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thetic classification are completely <lcfincd by the presence or absenee 
of specific charactoristics. Since such classificatiom; are always 
generateu in practico by su ecossivc suli-division, it follows that thcro 
must always be at least one set all o[ whose ruembers sharc at least one 
relevant charaeteristic. I t is quite possiblc to construcL a population, 
classifiable by refcrenco to the axioms, from wh.ich 110 snch set, can he 
extracted; in such a case monot hetic elassification is impossiule. 
Monothetic classifications may nevertheless be useful. They havo 
proved valuablc in ecology, where the concept of " indicator spccic,;" 
has long bee11 familiar; they may well be nce<le<l in criminology, in 
which a dccision may have to be takcn quiekly and ba:sed on us fow 
attributes as possible. They are nor mally trnacccptablc in taxonomy; 
in medica! taxonomy, for instan ce, one <loe:, not wic;h a man tu be 
treated for the wrong diseasc because he has one aberrant symptom. 
The oceasional er iticism tha t monothetic· systemi:: produce mjscJassifi
cation is, however , invalid, sinec the cri t ieism a utomatically assumcs 
that a polythetic systcm is desirc<l, and tite argnmcnt is circular. Thc 
real objection to monothetie Gbssifications is that they assume a 
property of the population which it may 11ot in fact possess. Polythetic 
classifications imply no propcrties beyon<l thosc involrnd in t he basic 
nxioms, an<l are therefore always posi;ible. 

C. MAXIMfZA'rTON 

I. P rincipies of rnaxirnization 
The basic a,xioms will ser ve to clcfine ti large number of alternativo 

classifieations, an<l a furthcr constraint is necded to sclect from among 
thc.-o. '.L'ho constraint univcrsally requirc<l by nscr,; i,; that, in a. sonso 
yet to be defi ncd, the mcmbers of a ny onc ;;et are tu be as alike tts 
possiblc a n<l as unlike the members of uthcr sets a.-.: possible. Difforc11ccs 
within sot,; are to he 111i11 imizcd. diffcwnecs bctwcen set~ are to be 
rnaximizcd. l!'ormnl work in this licld, t1sually loo:scly krwwn as 
'·max imiz1ttion", has been lnrgcly confüicd to <liscriminant situat ioni::, 
part icularly in thc field of pattern recognition (vide, c.g. Scbe:styen . 
Hl62); but thc diverso methods of numerical taxonomy nre :-:i 111ply 
\·a riant methods of maximization. 

The mcthods fo il into two fun1lamcntal ly cli:;t.inct grnups. 

i . Selj-strw:Luring method · 

(n) A funetion of t.lrn rclevant chnrnctc-ri:stics is defined betwecn pairs 
of elements. 
(b) An elemcnt may be cither a. mcmber of a pt>pnlation or an e11tiro 
set; ifa. set, then thc set may he defiued by one ofit,; 1Hc111bcrs, by ali 
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of its members, or by an element constr uctcd from a ll of its mem bers. 
(e) Sets a re to be constructed so t hat t he function is mínimum (or 
maxim um) within them , ma x.imum (or mínimum) between t hem , or 
both. 

ii. Derive,d-structuring methods 
(a) A function is definen Letwcen pairs of relovant clmrat:toristics over 
a g iven set of members. 
(b) A charactoristic, or a group of characteristics, is found for which 
the function, or a derivativo o f tho fon ction, is rnaxirnal. 
(e) Set ::; of mombors a ro clefinoli in rc la t.ion Lo t,ho cha r:u:tc rixt.i c(!..) so 
solcctod . 

F or cor ta.in pu rposes it is desirable t h,i t. t he analyxis can be " in vcr to<l", 
in the sen,io tlmt t he e lements and charactoristics cha11ge places. lt'or 
t his to be possiblc t he da.ta must fulfil certain conditions which we 
explore later (Section I V A). The apparent divorsity of methods in t.he 
litoraturo la rgely conccrns sclf-st.ructuring mothods, a nd in t.hcsc t,hc 
divorsity is la rgely ono of tho function selocte1I. M.onothoLit: met.hods 
necessar ily employ derived-structuring . 

2. lntemal and e.-,;ternal classificati<m.s 
It is assumed in tho foregoing paragraph thnt t hc mem l,ers as dcfined 

by their relevant cha.racteristics form a self-sufficicnt set with in wh ich 
ma ximization is to be offocted; such systoms, which compriso n,lmost 
thc wholo of existing literaturo in numorical t axonom y , we sha ll call 
"interna!" classifica tions. It may novorthcless be desire<l to impose a 
rest raint in tho form of a n oxternal elemen t or set of clemonts (:,elf
structuring) or a n ex torna! cha racterist io or set of characteristics 
(derived -structuring). In such cases t he max.imization is entirely 
between t he reforonco uni t 0 11 t ito 0110 hand and the interna! sets on 
the other , tho interna! sets needing only to sa t isfy t he basic classificntory 
axioms . The process of max imization is, however , itself difforout from 
t he n.11-intornnl ci.LSo. Tho primary maximizatinn is of the range of Lho 
sclected ftmction, in that tho interna! ,;ots a re to be a.s Liko or unliko 
as possible to t he referenco set . 

T he m ain use of those "extorna!' ' classifications is likely to be 
predictivo ; if t he populat ion is heterogoncous in t hc sonse we slrnll 
define in Section IV C, t hey will be more poworful t h .in the classical 
regressions t a ken over the wholc popuhtion. Thoir possible app tieation 
to problems in plant ecology is a lso under Ín\·estiga.tion . The only 
example lm own to us in t.he li lenl.ttu·e i:s tite clerivcd-struct,u-e "pred ic
t-ivo attribute analysis" of Macnaugh ton-Smith (1963), with whom wo 
a ro currently colla borating in t he dovclopment of more general systorus. 
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3. S im1tltaneous aúernative classifications: clumps 

Suppose the s_ystcm be re!'tricted by thc rcquirements (i) t ha t 
maximization :;lrnll extra.et only one sub-set from the populat ion, nnrl 
(ii ) that t his sub-set shall be subject to a spccified cornstrnin t; the 
co11straint normally imposed is tha t the sub:;et must contain a specificd 
element or group of elements wlúch wiU act as its nucleus. Sucli a sub
set is normally termed a "clump" and the remainder of thc popula t ion 
is wit hout interest. Let tbis process be successivly repeatcd on thc en t iro 
populat.ion by specifying a new constraint on eacb occasion; the ul tima te 
resu.lt is a set of clumps. T his set is someLimes loosely t crmcd an 
"ovcrlapping classification", but sueh an extension of the term "elassi
fication" is 11ot to Le recommended ; the clumps uced not exhaust the 
popu.lation, and a ny one element can , and usually does. occur in more 
than one clump. Systems of t his typc are particularly associated with 
tho work of Ieedha m (·vide, e.g. Ncedham , 19G2; NeedJ1a.m ancl Jones , 
1964) on linguistic data arising from problems in documon tation and 
informa tion retrieval ; but t hey have a lso fnund sorne application in 
nnthropology ami medicino (Uonncr, 1\)fiJ). They ha ve bcen dcYcloped 
to meet c ircumstances in which simplicity a 11d speed of computation are 
more important than power, and t hey may well requirc re-examination 
bcforo t.hey can sat isfy t,hc more rip:orous dema ntls of plant taxonomy 
a nd ecology. 

A system of clumps can similarly be gcnerated hy the use of a chaug
ing external criterion as constra.int. The groups dclimitccl by the " deme" 
tcrminology (Gilmour nnd B eslop-H a rrison , 1954) of p la nt ta,xonomy 
together form a systom of p rocisely t h is nnture, hut it seems ne,·er to 
hnve been the subject of numerical study. Wc shall not be forthcr 
concerned with clump :;ystcms in l his :uticle. 

4. IFeighting 

Solml and Sneath (l\J64) a.cccpt t,he Adanson ia n pnstulittc t hat 
"every character is of eqna.l weight". \Ve need not so rcstrict ourseh·es, 
and we shall firs t di:;tinguish betwccn a priori a n<l a 11osteriori 
importa11ce. 

i. I mporlance 11 pri<Jri 

Classificat ions in, for examplo, medica! or criminologic:a l contcxts 
may be used as gui<les to action; in ::mch cases particular characteristics 
may be of overriding importancc. It might be regardcd as unde&i.rable 
to send epileptics to prison , no matter wbat their other characteristics 
suggested. Snch cases do not distnrh t he syst ems wc are considering, 
s ince t hey do not alter t ite classifications, but only t he use t hat is 
made of them. Jt has, however, freg uently been snggested (vide, c .g. 
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Proctor and K endrick, 1963) t lmt characteristics should be assigned a 
differential importanco from prior Jrnowledgc of thc ficld ; as wc have 
alrcady pointed out (Williams et al. , 1964) this dcstroys thc objecti,·ity 
which is the sing le most va lua,hle foa,ttu·e of numcrical t axonomy, and 
we cannot recommend it . 

ii. Importance a posteriori 

Derived-structuring methods maximize some fw1ction of the c:harac
teristics. After maximization, therefore, cach charac:teristic will be 
associated with a numerical value which reflects its contribut ion to the 
overa ll maximization, and which may therefore be regMded as a 
measure of its importan ce. The application of this concept p resents 
diffcrent problems in d ifferent systems, and the situation may bcst be 
explorcd by considern tion of firstly, monothetic rlcrivecl-structurc, 
and secondly, polythetic self-structnrc. 

(<i) .M onolhctic derived-strucl"ILrc. lf a population is such t hat, i t eo11 taim; 
many shared cbaracteristics and :;o can be dcfined as a set of fina l 
classes, a very large number of alternative monothctic classifications 
is possible . The characteristics used may be solcckd :-;ole ly for externa! 
convenience, or even indiscriminately, and there is 110 interna! maximi
zation. Such a re tho "special classifications" (into, c.g., food- or fibre
pliuits) and the clichotomous koys in floras . Thcse, which are in foct 
perfoctly good externa! classifications, are commonly ten ued'·artiJicia l". 
It is therefore tempting to equate "ar tificial " with "absencc of interna! 
maximization"; but we dcfer to thc views of Sncath (in lill.) to thc 
effect that the tcrms " natura l" and "artificial" hnve llClcn .-o variou:,ly 
usecl that to providc them with new statistical dcfinitions would c:onfuse 
rather than clarify the sit uation. 

In contrast to these classiflcntions, thc met,hod of Assoc:ia tion 
Analysis, whose propertics are disc:ussed in Scrtion V D 2, is a mono
thetic method whosc defin ing charncteristics hiwo bcen obta incrl by a 
proccss of interna] rnaximiz;ttion . Thc characl,cristi,·s 110w dilfor in a 
posleriori importa.neo, and l;his has hy some workcrs bco11 reganled as 
"weight i11g". 

(b) P olythetic self-slru<:turc. 1 fore ,iga.in it is t hcoreticaUy possible to 
effect classification witho11t maximization . hut since most rcal-life 
popula tions already tbemselvcs satisfy our Axiom (1) for a classification, 
tbe solut ion is usually trivial. A single maximization is thcrcfore 
neccssary in practica. Ali the "sirnilarity" methods <liscussed in Sokal 
and Sneath (1964) a re of this type : t hey use t ho least maximization 
which is in prncticc cs:-;cntial. Ho,Hwer, t hc firs t stcp in such a11 analysis 
might be a <leri,·ed-strueturc mnximization , so thaL thc charact,cristics 
were a s a first step provided with ' •importanc:e" mensures ; a secon<l 
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maximization, using thcse wcightcd cha.ractcristics, would l>e necessary 
to complete thc clas:;ifi catiun. 'J'hc only sueh douhly-maximizcd methods 
known to us are those in who:;c dcvelopment we haYC oursclvcs colla
borated (M:acnaughton-Smith 1:l al., 196-!; Williams el al., l 964 ). 

5. Uninlentional weighting: "nui8ance e,orrelation.s" 

The selection of attributes is not, itself the concern of numcrical 
· taxonomy. Nevertheless, mcthods which cmplo_y dcriYccl -Htru cture 
fon ctions are prone to difficul tics arising from so-calle,l " 111.1.isancc 
correlations"-groups of attribntes linked for rcai;ons lmeonnected 
with the purposc of the a,1111.Jysis . Tli i1; problem <loes not arisc in those 
ecological studies in which tite al.tr ibutes ::ire pla nt :;pet ics, sintn tbesc 
are 11ecessarily different thi11gs. The questionnaires of sociological 
st ud ies, howen~r, 11orma.lly ronta in much rcdunrlant i11formati0n; this 
is dcliberatc, i;incc a quc;;tion which may be avoidcd i11 011e form ma.y 
be an::;weretl rcadily in another. Sorne of the n.ttrilrntes are t hercfore 
logically li.nJ,ed, and these Jinked groups may rlominate th(' sul,sequent 
analysis. It must be remernbercd that qucstio1111a.ire.-; ltave not normally 
been designed with modern numeriral methods in m ind, a11d tite 
increasing use of these methods wi.11 doubtless in time influence tite 
clesign of questionnaires; but mcanwhile the problcm cxists. 'J'he 
na.tura of the problern , howcver, has not always been clcarly undcr
stood. The objection to these links is simply tha.t they can he known to 
bo links wit hout recom-sc to annlysi1:1; if they couJd not he so known they 
woulcl be of interest. It doe. uot follow that they are in evcry ca.se ca.sil y 
rceognized , a nda prelimi.nary numericitl analysis may 1:1erve to est ablislt 
t hem. This is posi::ible if the sy:;tern is such that elements and clmracter
istics can cha nge places, so t lrnt the characteristics cn n bo gro11pcd in tu 
sets; i[ such a set inescapably :mggc::;ts the hypothcsis that the momhers 
are linkcd for reasons-such as intrinsic redundancy in a quest ionnnire 
- in which the invest igator is not i11tcrcstcd, tite group ca11 hP replacecl 
by onc or more of its mcmbers or by a, new attrihutc constructcd from 
ali of them. Despite statemonts to t.ho contrary in thc litera ture, wc 
suhmit that the objection to nu isa ncc co1Tolatio11s dop;.; not lic i11 Lltcir 
logiccl.lly ncccs~ary linlrn; th<' ,-ole critcrio11 is thc interest, ur otherwifiO 
of the nser. 

D. JilERARCH lC..\L AND NON·HIEHARCIITCAL CLASSU'ICA'l'TO!\S 

Hicrare;h ical classificatic,11,.; a re- o[ YCr y rea.] ad vantarrc to tite t axo-
~ ,, 

nomist, since tliey cna ble him to compare taxn at any dn,;irc<l leYel. 
Thi:; h as probably co11 tril>uted to the fact that the vast majority of 
existing numerical methocls are hierarchical in natw·e. Howevcr, it 
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may also generate a requirement that cach leve! in d.iv.i8ion is associate<l 
with sorne measure wbich shall fall as the h iera.rchy dcscends. It is n ot 
n.lways realized that this pla ces an ad<lit io11a l constra.int on the choice, 
of maximizing function; some fw1ctions (11ot1ibly Euclidem1 distanees 
and informa.tion statist ics) possess this property , whereas others (most 
of the derived-structure coefficients and the "statist ica l <list,uiee" 
coofficients ) do not. 

The· term " ret iculate classifica t ion " secms to i11clude t wo qui te 
different concep ts. The first is t he unma ximize<l externa! classification 
wi th an embarrassing choice of alternatiYcs, such as a rises i11 ch1ssifying 
l,ooks ; this need not concern us. T ruly rc ticuhte classifications arisc 
out of an interest in inter-set relationships after clivision into sets lu~s 
bccn completed. If ooly the in ter-set functions are rcquircd , a completely 
non-hierarchical mcthod could be used; buL, as shaH later point out, 
t he ch oice of such methods is extrcmcly rcst ricted. In most cases , 
therefore, both the hierarchy a nd the inter-set functions are of intcrest , 
and t he problem is to genera.te e ither from the othcr . 

We sha ll later demonst rate tha t ma ximization may . or may not , bo 
un iform over the cnt ire ma t.hcmatica l modcl in use. If it is u11 iform, as 
with unweighted E uclidca 11 di;tances or infonua tio11 statistics, no 
difficulty a rises : inter-set fun ctions and hierarchical divisions are 
evcrywhere compa t ible. In those methods with which ,,·o ourselvc::; 
havo been associa.ted , t he ma ximization is delibernLely non-uniform 
over t he model ; in these cases , which are hierarchical, 110 eompa ti blc 
inter-sct function has yet ·bcc11 defi ned (v ide 'ections III D (i) (ii)). l t 
is not pe1·mi:-;sil1l0 to dcfi11e ci cmnplctcly 11cw f1111ct io11 , sim:c thc orig i1111l 
hiernrchical maximizat ion may thcn fail ; this is t he cause of the ·'re
combinat ion of sets" difficul ty which Goodall ( 19/.í3a) expcricnc:cd in 
his pioncer stud ies in d ivisi,·c mcthods. 

Is. P ROll.\ UTLlSTIC AN 1) N ON -PltOllA III LJS'l'IC C LASS LFlt'A'l'I0 :-1S 

This parLicular 1liehotorny has gcuera tcd more con fusion- a 11d 
probably more rancour- than any othcr. 1t undcrli11os the commonly
expresscd doubts as to whcthcr thesc met hods can. or ciumot,, bo 
cla:,;scd as :-itati:,;ties, a 11ü so has cuuscd C:rcig-8 111i t. l1 ( 1 !lü.J.) to use t.hc 
term " quantita t i,·e" a nd Sokal nnd 8neaLh (190-1-) a mi 011r:;clvcs to 
foll back on " 1111nw rical" . lt 11 11der lics, too, t ite 111isgivi11gs t hat. a uthors 
frcqucntly cxprcss conc·crni11g lhli ·'signilica ncc·• of t.lwir results. 'l'hc 
difücul ty has becn ex1icerha t,ed by t hc fact t ha t modern .statistics is 
almost entirely concerncd with e.stimates of probability, so that if 
wcll-known st ntistical pa ramctcrs- x 2 or thc col'!'clat io11 cocflieien t;, for 
example- are uscd for maximi1.i11g, it is assumed that thcsc are 
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est ima tes which should Le a:;socia tccl with measures of probabili t,y . 
Tn fact. t ite meth ods of numcrical ta xonomy a re not, or need not be, 
probaLil ist ic systems a t ali , bu t hypothcsis-gcncrat ing systcms. \Ve 
shaU outline t.he t wo alternatiYe approacl1es. 

J. :l'he non-p roúaúilistic a¡,proach 

From t his point ofYicw, t he ml'thods of 11umerical taxonomy nuiy be 
regarded as stemming from a branch of statistics of respectable 
antiquity-that con cerned with find ing mathematical for mulations 
which will serve as a concise a nd cco11omica l dcscr ip t,ion of un ot hern il;e 
in t rae ta hly cumhersomc mass of data. Though superficially so 
dissimilar, thcir logica l rcla tiv<.'s are to Le found among such projects 
as the fit t i11g of Pear:;on curvei; to aotuarial data (Eldcrton, 1938); 
Lhe scarch for a flexible growth -cune (Richards, 1959; Nelder, l 9Gl ); 
aml t he application of contagious Poii;son di:;tr ibutions to di5-trihutions 
of plants in the field (Archibal<l , 1948). The fitting of regression lincs is 
itself a mem ber of the samc family, extende<l hy the proLabili,,tic 
0011u.:pt or t he sig11ificance of t.hc parn111oicrs whirh thc fitt ing rcquircs. 

Now, tht•,;e co11cise mathematica l descriptions can with pcrfect 
vulid ity be used t o genera.te hypothc,.<'8 conccrning tho naturc of thc 
d iita, but only if two cond it ions are rigidly satisfied. F in;t, a.s a lwa.ys, 
the hypothc::;es nrnst ue ca pttble of bcing tested ; secondly, a ny test 
must depe11d on ncw observations , and ca nnot again use t he da ta 
from whiuh t he Lypothesis was generatod. Generation of t hc hy pothosis 
ma,y not be uscd as its own eddenco; we forLear to cite examples of 
this pracLicc, contcnt ing ourseh-es by n'marking that thcy can be found 
in biological literatlll'e. 

Thc precise sta tistical c:011text of t l1e"e methods can most clcarly be 
<lemonstrated by compar ing a vcgetaLio11 :;ur vey in ecolugy with a n 
agronomic experiment in, say, m ineral nutri t ion. I n the agronomic 
cuntexl thc hypothesi,; is sel; from previuus experience, a nd t his deter
mi11ei; t he dcta ils of an experiment, which issues in a quantity of data.; 
sta t ist i<:al methods are ap plied to these data in or<ler t o tes t t be 
hy pothesis- us11ally in t,he form of t l10 probability of ohtain ing a g ivon 
<lcv ia t,ion from a. null hy puLhesis by chauce a lo11c. ln thc ecological 
context, a lthough experience may have iuformed its c.;ollection, t he 
data is Lhe starting-point; funct ions are scleoted ,tnd apprnpriately 
ma ximized i11 ordcr to red uce the data to i;implcr form ; thi::i simplcr 
forro is use<l to generate a hyvothesis-oftcn in the fonn of " there i:; a. 
change of some sort in this rcgion" ; aml thc hy pothesis is tested by 11ew, 
d irect ohser vations in thc ti<;lcl. E xnmples of t his typc of hypot hesis
valirlation may Le fou ncl in t ite work on Association Ann lysis (\ Villiams 
and Lam bcr t , 19G0). 
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Nor is va lidation <li fficult in applied ta xonomy. In medicine. for 
example, the individuals classified may be rliscase-producing organisms, 
or symptoms; in crim inology they are nonually delinqucnts. fn these 
cases the hypothesis ta kes the form of a snggestion for t reatment. It 
may be remarked in passi.ng t hat the power of the ma.thematical 
methods use<l is all-important in thcso ficlds, fo r alt hongh fal:;iflcalion 
of a hypothesis might grat ify a dispassionatc experimcntcr, it is ap t to 
be disastrous if a huma n individual is co11cernecl. 

The problem is moro c.l ifficult in "classical" taxonomy. Herc it is 
tempt ing to enuneiate a phylogcnctic hypothesis, nor mally based on 
inter-set functions, but fossil recorcls a re such thnt hypothcses of this 
type are rarely test a.ble (vide, e.g. Sneath ancl Sokal, 19G2). T he basie 
requirement of taxonomy sensu striclo is stability, both of the memhcr
ship of sets and of the pa.t tern of charaeteristics that their meruhcrs 
display within them. In t hc first cnsc (thc mcmhership of sets), addit,ion 
of new characteristics followed by rc-max imization should not c:ha11ge 
the mcmbership of the sets. fo thc second (the pattern ofcha rnctcristics ), 
let a new clcment b e discovererl whose d 1arac:teristics are irnpcrfodl_y 
known; if from t he known characteristics it can he alloeatccl un
equivocally toan cxisting set, the patt-0rn uf its remaining charnt:teri:i
t ics, when theso are cxami necl, shonlrl co11for111 to tl1<' patt.crn for thc 
set. 

On this approaeh, therefore, the rncthoJs uf twmcrical taxonom_v are 
hypothesis-generating systcms; nncl :t hypothesis-gencrating syskm is 
neither valid nor invalid. ProbaLility cntcrs only, if in<lced it entcr:i a,t 
all, in the test ing of the hypotheses thnt are generatcd. This approach 
exposes a possible danger , which wc clo not bclieve taxonomctric 
writing bns n,Jways avoide<l. This is t hat comp11tcr cln:;sificat iulls rnight, 
be rcganled as in some scnsc nbsolute- as "ohje;ctivc" ancl lhcrcfure 
"better" . They are not objective, since they dopend on thc uscr's 
personal choice of maximizing fonction ; ami thcy are only hetter if 
they can be shown to fulfil a statcd rcquü-ement more efficic11t ly. 

}. 'l'he probabili.slic aJJproarh 

Jt is, as we sha ll show, en:;y to conccive of proba bil i::;tic dassifications 
in theory; but we are here conccrned to defcnd the thcsis tha t such 
classifications uro usua ll_y both impracticable nnd unprofitable. l◄' irst, 

it should be notecl t hat a probabilistic classification reqnires a null 
hypothesis; this will normally take the form of stating t liat the pair
functions a vailublc for nrnx imization in a, giveu populntio11 or set could 
haYe hcen generated h_y a random process. The null hypothcsis <'annot, 
¡11 foct , be indepen clc11t of the functio11 solcctecl for maximization. 
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1·. Diffiwlties inherent in null hypolheses 
Since t hc nuli hypothesis depcnds un the maximizing funct,ion, it 

will Le convenient to sclcct two wcll-known cases for consideration . 
(a) Jlfultivariate normal population.s. In this case thc nuli h ypothcsis 

would state tbat the observed variation in characteristics could ha vo 
been gcneratcd by a set of indcpendcnt normal varia.tes, usua lly the 
charncterist ics thcmsclves . The function a vailable for test would 
probably be the correlation matrix. Now, Bartlett 's (1 950} test for thc 
roots is not availahlc if tho 1natrix is singular, and expcricnce suggosts 
t hat it is sc11siti\'C to dcparturcs from 11ormality . To dcmancl t hat alJ 
the coefficient.s be i11dividually sig11ifica11t is normally rcgardccl as too 
stringent; ancl Gooclall (1953a) has in effect suggcsted th at the cocffi 
cients be them:selvcs trea ted as normal devia tc:;, so that the proportion 
of them which excecds the individual significancc leve! be regardcd ns 
a, test of significance of t hc whole matrix . There is , in fart, no simplo, 
unequivocal a nd robust test a vaila ble. 

(b) Q11aWal'ive popnlations. The functiou 11secl (though others aro 
:waila hle) is often relatcd to t.he Euclidean distn rwe bct,wecn clemcnts 
(nr set ccnt.mids) plotted iu a n n-d imon:;ionn.l spacc wherc t,Jte jth 
co-ordinatc for an element is 1 if' it pos. e,;ses t he j th attribute an<l O 
if it lacks it. The problem no,r i:s to state a, 11ull hypothesis at ali. Uso 
of t he binomin.l expa.nsion would imply that posscssion of ali charnc
teristics was equally likcly; and the sol11tion obtained by R ohlf ( 19G2) 
for even n makes ass11mptio11s as to the dist ri bution of the frequcncics. 
If we assume, however , t hat the h ypothcsis shouJd not in volve the 
frequencies, n,11 obvious sol11tio11 woulcl be to rctain t he frequcncy totals 
nnd to construct from thcm the cnt irely dissociated class-frequencies ; 
that is, thc n111nbers of individ uals t hnt would be required in ali 
possible sub-classes if, without chango in the total numbers po~sossi11g 
en.ch attribute, a.JI pairs of attributes wcre to have zero fts:;ociation. Jt 
is stra ightforwnrcl , though tedious, so to calculate t hn prolw Lilities 
(for O, 1, , / 2) in the two-charactcrist,ic case; lrnt tho rc.·ul t ing algobn.1,ic 
expressions are oxtremely cumben;ome, a nd Jeml little hope of exten
sion. In a uy case. eonstrnd ion of the genera l null population mny 
prescnt formidable cl ifficul t ic:;. 1f ,,·e write (.1) for the 11umber of 
ü1clividuals possessing attributc A, (A.H) for tite 1111mber posses:-ing 
both A and B , ancl so on , then in t he complete)~, dissociated population 

(ARO .... ) (A) (H) (C:) 
N =N · N ·N . . .. 

Unfortunately , for more than two chnractoristics, th is rclat iomd1ip is 
necessnry but not sutiiciont (vide, e .g. Y ule 1111<1 K c11da lJ, 19fí0), ali([ 
cannot therefore be used as a generating fu nction. 
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It has been suggested to us (Macna ughton-Smith, in litt .) that 
information statistics might provide a solut ion of the qualitative 
problem , in view of their reruarkablo additive properties and their 
relationship to ;r. 2 • Let a group of n individuals be specified by the 
possession or lack of p attributes, and !et the nurnber possessing the 
jth attribute be ª;; we have made prelirninary obser vatio11s, using 
ecological data, on t he behaviour of the st atistic : 

p 

l = pn log n- 1: [a; log a;+ (n - ai ) log (n-a;)]. 
j = l 

Ecological data not tmcommonly contain groups of idcntical or nca,r
identical individuals, and thcse groups muy vury grcatly in size ; thc 
data will ha.ve the properties of a strntificd , rathcr than of a ra nclom, 
sample. Unfortunately , we find that t he statistic above is sensitivo to 
this par t icular forro of non-randomness, anc.l is thcreforc unduly sen,;i
tive to set size-sets tend to be fused if they eontain comparable 
numbers of mero bers. T his is incompatible v,ith our second classificatory 
a xiom , since it implies that a fonction of the set may determine tbe 
allocation of one of its members. This diJTiculty may be removed by 
normalizing for group size, t hough, in sorne forms of analysis, at tho 
expense of rcplacing it by the gcncratio11 of an ' ·a mbiguity" prol,lc111 
related to that arising frorn unwcighted Euclidean dista,1wcs (8cctio11 
VD 3 (i)). Neverthelcss, these statistics have many desirable properties 
and would rcpay further invcstigation. 

(e) Goodall's coefficient. Very rccent ly Coodall (l !)GJ) has proposed a 
probabilistic similarity index. For every pair of individuals, the prob
ability that the two are as similar as in fact they are is calculated for 
each attributc separately, and the att ribute-probabilit ies then com
bined . Thc method is cumbersome for qualitative data, lrnt it is thc 
only method known to us which is in principle applicable to mixed 
data i.e . data in which t he attributes are so unlike that any common 
scaling would be unrcalistie. No example of its use has yct becn 
publisherl. 

ii. Application of proúahili8tic cla.8sifi,;atio11s 

Suppose an appropriate criterion of significance, a nd tlierefure an 
appropriate nnll hypothesi~, to be available; ancl supposc a population 
t,o ha.ve been divide<l l.iy maxi111i,-,atio11 into two sets whose distinction 
fails to reach significance. lt 8till docs 11ut follow that t he division 
should not be effected. For the population may be so intrnctably large 
that thc best possible sub-division, though non-signifb111t, may be more 
useful t han nono at ali. Howe,·er , although the overall characterist ic
pattern may not define a significant difference, sub-setR of characteris-
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t ics may cxhibit stabi lity (this phenomcnon may occur ift,hc population 
cx.hibits noda, which are bric fly cli,;c11ssc<l in 'ect ion l V C 4). 111 cither 
case, it is thc usefulness of thc division which will be of importance; 
the d ivision will thercforc in a ny case be ::mbjected by thc user to a, 

second, pragmatic, test which will overridc the first, probabilistic, test. 
vVe are thcrcforc not convinced thn.t any nsefol purposc is scr vcd by 
thc probabilistie; test, q11itc a¡,a rt fror11 its inhcrcnt t.li ffic ul tics. 

111 . T1rn CHowr. 01,· } 1.\TII 1,:MA'l'l ('A 1. Mo1mL 

A. l N''l'HU lll'C'l' ION: :'>H::1'Rf<..:S 

'J'he ultimato test of a numerica l mC'thod is \\'J1ethcr l hc uscr fi nds 
it u:;eful. .H uwcvcr , a li nwlhmls are of some use to thc user ; and if l10 is 
to bcar the solo responsibili ty of deciding hl'tween thcm, he wiJl be 
faced with an immf'nse a rnoimt of empirical work. still with no assurnnce 
thu.t thc method may not foil unclcr extremo conditions-as, \l'C bclievc, 
some existing '•similnri t,y '· mcthuus havo a lreudy fa ilod. The litcrature 
contains ma ny tlespo11de11t ro1nark:-; cm the pnucity of availaulc i11formu
t io11 rclating to comparison o [ mcthuds. This is part.icula rly t rue of the 
paü·-functions themsclves, uften loosely classed as '•similarity cocffi
cients" . Thc best-known ha.ve uccn rovicwcd by Goodman and Kruskal 
(1 95.J., Hl59), D agnolie (I !HiO) and Sokal and Sncath (190-1-); L11t it is 
doubtful whcther oven thcsc cxt.cn:-;ive collect,ions are com plete. Thc 
problcms woulc.l be rolatively unimportant if a ll sue;h functions were 
jointly monoto11ic, in thc sense t hat, if elcmc11t-pair,; are ,;o nrdercd 
that onc functiou fon ns a monoto11ic series (i.e. n series which either 
iucreascs or decrcase:; over the wl1ole of its length), the rcmainclcr will 
also be monotonic. To ta ke only tliree well-known functions , 
2a/(2a+ ú+c), (a,+ d) /(a+b+r+d). ancl thc oorrclat ion coefficient, it is 
casily shown that 110 011c of t hcse is jointly monotonic with ci ther of t ite 
othcrs. A choice is therefore neces,;ary; and t he testing difficulty can bo 
ovcruotn<', a L lcnst in ¡,;i rt , if t he mct hods a 11d functiow; a re rcquirod to 
falfil a ppropriato nu1.thcmatical conditiom;. 

\Ve consider it esscnt,ia l that any mensure uscd for maximization 
shonld define a moclcl, an<l, if possible, a modcl in Euclidenn spacc. Tho 
advantages of such systems are threefolcl. l!'ii-st, many simple, rohust 
and powcrful method:-; are ava.ilable in E uclídea n :;ystcms that a re not 
11.vnilablc outsidc thcn1. 8cco11dly. a :-; mcntionC'cl in ~cction lI 1), tlwy 
have hicrardlicaI advantages. Thirdly, and pcrhaps 111ost important, onr 
da.ily experience gives usa n intui tivo pcrception of Enclidcan system:-;, 
an<l t hcreby ona.ble us to grasp thcir propcrties and to predict thcse 
propcrties in extreme casl'i'<. 1 f thc fo11etinn ¡,, such that it is not lmown 



FUNDAMENTAL PR O BLEl\1S I N c\ UMERICAL T A XONOMY 49 

to be associa.¡ed with a ny particular probabil i:st ic or spatial model 
(models which

1

are neither probabilistic nor spatial a.re possible, lmt we 
know of no published work on them ) we propose that it m ust, as a 
mínimum requirement, be a metr ic; it will then ncces:;a.rily define a 
space whose proper ties can be explored. We cleaJ in this scction with 
the general problem of metrics, and it will be convenicnt ftrst to state 
t he conventional definitions . The subject is fully d iscussed in geometrical 
texts ; the formulation we use is substantially that of Kelley (1955) . 

Defin-ition . A numerical ftmction d(x,y) of pairs of points of a set E 
is said to be a metric for E if it satisfies t hesc conditions : 

(I } d(x,y) = d(y,x}°';;> O 
(2) d(x,z) ~ d(x,y) + d(y,z) 
(3) if d(x,y ) = O t he11 x = y 

(4} d(x,x) = O 

(symmet.ry) 
(triangle inequa lity) 
(di::;tinguishal.,il ity of non-iJ cnticals) 
(i11disti11gui:;habi li ty of i<lenticah;). 

A systcm in wh ich (3) is not evcrywliere true we sha ll call semi-metric 
("pseudometric" of sorne writers); a systcm in which (2) is not every
where true we sha.11 call quasi-metric . 

Jn t he context of nnmerica l ta.xo110111y. nwtric prope1t ies mny fail 
for two rca,;ons : thc charactcristics may be inLrinsica lly mctr ic l,ut. tlie 
pair-functio:1 sclectt!d is not; or only a pair-function exii;ts, and this is 
not mctric. We deal witli thcsc cases i n ordcr. 

11. ME'l'RJC PRO PER'l' IES OF PA I ll-'Fl/~C'l'IOXS 

lt woulll be unprofit.ible to cxa 111 i11c the propcrtÍC8 of' a.11 the ma ny 
functions in t he literature, a.nd we s liall largd y confi ne our ol,scrvatiuns 
to the three most familia r : (a. + d) /(a + ú + c+d); 2a /(:>.a + b + e) ; and t l1e 
correlation coefficient:. 

J. (a+d)/(a+b+c+<l) 

T his is t hc cocflic icnt non11nlly uscd l,y Sncath. U;:ing Lhc model 
ment ioned in Section II E 2(i)b, and following Sokal ancl Sncath 
in writing L1 for t he Euclidean d istance betwcen the two IJOints, t he 
coefficient is equal to ( l - L1 2 /N). It is hnsed on a Euclidea11 metr ic 
and satisfies tite requ irements we h ave sugge ·t ccl. 

2. 2a / (2a + b+ c) 

This coefficient is prolmhly among t he oldest in t he litcraturc; it 
specifies the r atio betwee11 t he n umbcr of characteristics common to 
two elements and the a rithmetic mean of t he n umbers possesse<l by 
each . I t is monotonic with the coeffi cient a /(a + b +c), used by Sneath 
for the purpose of excluding dou l.ilc-nega tive match es; t he intent ion 

E 
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here, in the context of our modcl, is tu prevent points being grouped 
solcly becausc they arencar the origin. Enumcration of the 3-charac
teristic case for eithcr coefficient will immediatcly demonst rate that the 
coefficients are quasi-mctric; they are also nccesimrily scmi-mctric, and 
thus do not satisfy our requiremcnts on either count. It is of intcrest 
to note that Sokal and Sneath ( l %-1-) 110 longer recommend the exclusion 
of double negatives. 

The earlier coetr-icient can be uscd to gcnera te a differcnt model. Tf, 
in the ordi.nary 2 x 2 table, wt• harn (la+b + c}#N, therc must be 
ja-dj double-pusiti \·c or do11blc-11cgat ivc matchcs; there may be more 
lmt thcre cannot l,e lcss. If thc c:oclTi cicnt is wri tten in the fun n: 

~2 
l -----

2a+ b+c 

it may be rcgurded as cleriYcd from a distanc:c \\·hose dirncnsions aro 
scaletl to remo ve a ll logically-neccss1u-y matches. 'l'he dimensiuns of t he 
model now change from place to platl', so that the mutlcl is non
Enclidean ; it could be topologica.lly cmbedded in a .Eudidean sparc of 
not more than 2N climcnsions, but wc a re not oursclvcs competcnt t.o 
explore the utility of t his appruach. 

3 . The correlation coeificient 

Severa! alternative mutlcls havo bcen suggestccl for this function, 
only one of which fulfils our requi.remcnts . First, i t shoulcl be noted 
that of the four requirements for a metric, simple w1Signed deri.vatives 
ofthis coefficient (such as (1 - r)} foil to satisfy require mcnts (:l) ancl (3), 
and cannot therefore be handlec.l in this way (its semi-metric propertics 
are of value if "shape" coefficients are required-vide Rohlf a11cl Solrnl, 
1963). A model commonly used in factor analysis, however ('i:ide, 
e.g. Cattell, 1952), supposes the points to be rigidly attac:he<l to their 
co-or<linate axes by extensible perpendiculars. If t ho axes are now 
rota.tcd about thc origin until all corrclation:; are zero. thc final anglos 
betwecn them will be the inverso cosi11es of th e origina.! cocfficicntR. 
These angles between pairs of lines now serve to define a Eucli<lean 
space with obligue axes; providing this modcl is in use, our requirements 
are therefore satisficd. 

4. ÁS'IJmmelric functions 

Gomlall ( l % 3b ), in the course of a n examination into t.he p hyto
sociological concept of "fi<lelity", has suggcstcd thn.t asym1netric 
functi.ons would be of value in thii; context. Severa! such functions are 
in fact on record in t he litcrature, although only Goodall 1tppear:; to 
have appreciated their natm e and poi;sible application. So far as we are 
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a ware, no practicable strategy for tho maximization of nsymmetric 
functions has ever been suggested or e ven sought; until t his is done, 
further investigation of their proporties will remain unprofitable. 

C. I N'l'HI NSICALLY NON·MET RIC SYST E MS 

In t he prcvious scction it, hns bccn assumc<l t hnt a li clmractcristics 
a re, or ciu1 be regnrded as bcing, mcusttr1tble; failurc of metricity is 
due only t o the calculation of a measm e ,,.,·hich is nota metric. We are 
here concerned with two problems of greater fundamental difficu lty; 
fi rst , the case in which individual cbaractcristics, though t hey cx ist, 
ca nnot be provided with it simple measnre ; and secondly, the case in 
wbich characterist ics do no t oxist, t hough a pa ir-function hctwecn 
elements does. 

1. Individual cltaracteristics 

This sit ua t ion arises whcn ali that can be measured in rcspect of a 
given characteristic is sorne comparison between t wo elements
commonly in the form of a difference or a ratio. lt is the11 necessary to 
operate on these comparisons in such a, way as to generntc a metric 
which will uniquely order t he elements along that charactcristic 
considered as a dimension . This problem, usually known as "scaling", 
is of great importancc in psychometric work, and has gi \·e11 rise to a11 
extensivo literature; t he recent communication hy Phillips (1963) will 
serve as an introdnction to the field . We know of no botanical work of 
th is ty pe ; but since compara t i ve measures are not unknown in taxo
nomic dcscriptions, the methods may yct prove applicable, and botanists 
should be aware of their existence. 

2. 1 solated pair-functions 

Cons ider a sociological study in wh ich has been recorded, for t he 
members of each pa,ir of individuals Íll a group, t he number of times 
they met each other in a given period; a,Jl that is available for analysis 
is a paiI·-function . Functions of this typo are often semi-metric (sorne 
pairs of individuals never meet) a nd are almost always quasi-mctric. 
Tho problem is t o genera te a Euclidean systcm of hy pot hetical charac
terist ics such that the distances between elcments shall be related to the 
origina l pair-functions. A solut ion is provided by t he " proximity 
nnnlysis" of Shopnrd (19G2a,b). T his gc11crn.tcs a systcm of co-ord inatos, 
of the lowest order which will permit a w1ique solution, such that the 
Euc1idea n dist ances between the elements are monotonic with the 
original pair-functions. T he solution is itcrative, and a computcr 
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program existR . ..\ga.in. we know uf no published liotall ical applil:,'l 
t ions, hut t ite rnctltod mig ltt, coiweiv:d 1l~· he of intcn;st. in c·o1 11 pct it ion 
stud ics where t he recor<ls took t ite fun n n f' thc nurnber uf times pairs uf 
spccics werc i11 cuutnct. 

/ . I n / roduct·ion 

A E uclidcan space is m·<·c,-sarily 111c t ri(:, hui. tite r:011\"PJ's(' i:- ·. , t, true. 
]t. will be con vcnicnt tu heg i11 with a con ,·e11t io11al ddi11it·in11: 

A l~uclidca n >- par·c of nrd t,r n is t !te set uf a 11 ·11.-t 11pl<·,., (.r 1 ..•. ,· , .. ..1',,) 
wherc a ll x, are real numbC'rs a1Hl whcre the rlistam·c hct wccn twu puints 

11 

is g irnn by ld(.r.y)!~ ~--- ~ (.r, !J,)~. l t t:a 11 !,\' ,-l,uw11 t;lta t s11 c-l1 
i =---d 

d ista11ces are nwtri l::;. 
T herc are t h ree obvi,1t1s ways i11 wli ich Eud idean p ruper l ics may be 

lost. F irstl,v, n itself ma.y 11ot. Le eonstant,, so t.ltat tite dirnensions rn r,v 
loca lly; tltis is the sit.ua tio11 for tite coefficienL u ist:us:-:cd i11 ::;el:! iuu 11 1 B 
2 above. Sccond ly, the 11 -tuplcs m ay Le cons traincd in som e way, e.g. to 
t he surface ufa ;;phere; we know of no a.pplieation in n u111cric,il ta x1111omy. 
T h irdly , t hc dis tancc function 111ay fo il ; in thc ca ses \l'C sliall co11sidcr, 
the dis ta11cc-funct io11 huich, wit lt i11 :-:ct.s. but fai ls hcLwcc11 su111t· or ali 
of thcm. The spacc d cfi11cd is thu:; loca.lly Euclidcan, ami he11ce (if 
varying continnously) R iem a11ni11n; a1:cl no cl iffi cnlt_y ariscs 1111\e~s 
intor-sct funct.io11 1; nre rcquired . W<i ,;ha ll discuss hric fl y tltrcc mclhods 
in which this typc of problcm a r ises. 

2. E'~camples 

(i ) .:l l/em11ls lo ·11.:;e ".:ituti.,tical di;;tance'' 

T hc group uf statistics of wltich thc Malrnla nobi: D 2 is thc l1ec-t
k11own is cssentia lly probauilistic i11 l:OJtl:cpt; it, rnla t,cs i11tcr-sct 
distancc to a common wit hin -set fun ctiun , aml invoh-es tbe postulation 
uf a comm on dispersio 11 m n.tri x fnr t hc two sets. H t hc set s are rnani
fcstly u11like, t his is a11 unrealistic assumption ; a nd if such a matrix is 
ar t ificia lly constructed , it ma.y well be sing ula r. It is not uncommon 
{cf. Ha rhcrd, l!Hi2) to postulatc t hat thc co111mo11 d ispersiun ma t rix is 
a.n identity matrix, arnl to regard the E11elitlea11 d istance ;;o calculated 
as a derivativo of t hc ) faha lanohis statistic; \\·e oursdves belicve t l1 i:; 
to rcpresen t a 11 unrealistic modc l. and co11sider t hat, as suggested lJy 
Kendall (1%7), a Ricma nnian metric i:-: neederl. 
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ii. W eighted polythetic subdivision 

Th.is method (.:Y.facnaughton-Smith et al., 1964) employs a Euclidean 
model with axes scaled by a posteriori importance mcasurcs. As in thc 
previous case, the scali.11g clopends on the dispersion (or correlat ion) 
matrix, but it is the individual axes which are affected. New scalcs are 
calculated bcforo ea.ch sub-cl i,· ision ; a,s a rcsu~t, any two sets dcrived 
by sub-division of a single set sharc the same metric, but this is 11ot 
true of set-pairs in general. The fina l model rcsembles a Ricma,nnia n 
system in being locally Euclidcan; but the spae;e is 110w <livi<lcd into 
blocks with t he local met ric changing abruptly at t he boundaries, and 
may best be clescribed ns a "disjoint metric spacc". Although modcls 
of tbis general typc have receirnd somo attcnt io11 from topulogists, we 
have been nnable to trace a ny work on the metrization of :;uch a space. 
Thc diffi.cul ty is cxacerbn.tcd by thc fact t hat t hc spacc rcma ins u11<lc
fined bctwecn sets. 

iii. A ssocialion Analysis 

Sincc this is a puro dcri,·ctl-structuro mcthu<l, no mcusurc uf i11 tcr-sct 
distance arises natura.lly from the max.imization. Again, howevcr, the 
ax.es vary in a posleriori importance from set to set , and n Euclidean 
metric woulcl be unrcnJist ic. 

E. CONCLUSIONS 

\Ve may now con,·eniently classify thc acccptable coefficients 1111dcr 
three head ings: 

J. I nforma/ion s/a.listics 

Thesc can be maximizC'cl over thc wholc modcl ; as u. rcsul t. they 
automatically prov ide ínter-set functions and progressi,·ely-falling 
hierarchy mensures. Th('i r rclat,ionship wi t.h 7.2 pcrmíts thcm to lic 
uscd in ,i probabilistic contcxt. If our misgivings (Section ll E 2(i)ú) 
as to t heir dependence on set-size prove to be unfounded , or ca n be 
ovcrcome, they will he vcry atlractivc ; but more work is necdcd. 

2. Eucliclean clislances 

These, too, cn.n be mn.ximized ovcr the whule model, and provide 
inter -set fun ctions a.nd hierarchic11I measurns with thc desircd proper
ties. T hey seem likely to be probabilistically intractable, but we have 
given reasons (Sect ion II E 2(ii)) for regarding this as relatively un
importnnt,. Compn.red wit.h thc do11Lly-11mxi rnizcd coeflicicnts they 
appear to lack power, espcc:ially in populatiuns dcfinccl by small 
numbers of characteristics. 
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3. R iemannian and disjoinl-space funclions 

It is our opinion t ha.t thesc provide the most rea.Jistic models an<l the 
most powerful methods for classification ; but work on ínter-set f1rnetions 
is badly 11eeded. ]!'or the biolugist (inclu<ling the present a uthors) t he 
mathematics required for such work is out of reach ; lmt the clifficulties 
aro not entirely ma.thematical. In the probabilistic case, sinco the 
d.ispersion matrices a re ' lrnown to be different, what is the n ull hypo
thesis which is to be tested? In methods using sub-division with chang
ing weights, what propertics is an ínter-set function required to possess ? 
Befare the geometers can be expecte<l to collabornte, the uscr;, must 
be prepared to consider these questiom; . 

IV. THE BASIC E UCLIDF.AN ~IoDEL 

A. DUALlTY: T HE R/Q PRODLEM 

We have already given reasons for our preference of a Euclidea.n 
model ; this is not incompa,tible with essentially Riemanniun or d.is
joint models, since t he region of space undcrgoing maximization is 
always locally E uelidea.n. We t hereforc now consitler the problems that 
arise in setting up sueh a model. Wc begin with n clements (which we 
shall henceforth call i11dividuals) specified by p characteristics (which 
we shall henceforth call allriúules, a term wc use in an extended sense 
to include varia bles and varia.tes). L'rovidecl a ll attributes can be g iven 
values, either inherently or by thc methods of gencration 011tlincd in 
Scct ion 111 C, t he system is symmct rica l ; tho data-ma.trix can be 
transposed so t hat t he indivi<luals a nd a.ttributes exchangc Rtat us . 
Two modcls immecliatcly p rescnt them.-clves: a set of n poin1;s in a 
p-space, or iL set of p points in an n-space. 

Th is dua li ty has given r isc to the symbols R and Q. U nfort unatcly , 
two muta lly incompat ible tra<litions as to the <lefiui t ion of t hcsc 
symbols cxist sicle-liy-sidc in t he literaturc; and t his confusion- to 
which wc havc oursclvcs contriuutcd- must now lie resolved. Thc carly 
wor li:crs in factor analysis commurily refor to a ruodel in which t he 
individua ls are point:; imagined a s in a space specificd by co-orcl inate 
axes rnprcscnting ._Lttributcs: t his i:; our n poi11t:; in a p-spaco that we 
shall for the moment call 1.L11 attri bute-spacc. The arit hmcticrd opcra
t ions were carried out on a matrix of correlu.t ions (or occasionally co
varfances) between attributcs. Such a method was called an R-mcthod. 
La.ter , tite en tire procc:;s was transposcd for cer tain purposcs; the 
model is now p points in a.n n-spa.co that wc shall for the moment call 
an individual-space, a nd the arithmetical operations were cunied out 
on a matrix of correlations between indi vidua.Is. This was a Q-method. 
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This now is the problem: do R and Q refer to the model or the matrix? 
In the early work there was no obvious ambiguity; but considcr a 
matrix of Euclidean distances betwcen indiyjduals. Since it is a matrix 
between individuals, i t is Q; but since it is based 011 a model in the 
at tribute-space, it is R. 

Sokal and Sneath (1 964) define tbc sym bols u11equivor.ally by the 
matrix, and thc individual-d istancc matrix is, for t hem, Q; but in ali 
publications from our lnboratory we ha.ve defincd the symbols by the 
model, and the inrlividual-distance matrix has been , for us, B. We lmvc 
now decidcd that the Sokal-Snea,th dcfinition should prevail for two 
reasons. First , t ite widcsprcad circula.tion that their book will rleservedly 
a t ta.in will ensni-c that man y t11,xonomists prcviously unfn milia r with 
the symbols will first meet them in the Sokal-Sne,ith sense; ami to 
attcmpt to assert a riva,l definition wo11lcl cause unju. t i fiable confusion. 
Secondly, thcre is some historical prcccdcnt. Most early w<,rk obtaincd 
approximate solutions for principaJ axes by thc "cent roid " mcthod. 
Although this operates arithmetically on an attribntc-correlntion 
matrix, it is based on a model in t he individual-spaC'C; but it has a lways 
been known as R, though by the , outhampton dofinition it \,·ould be 
Q. We suggest , t hen, t hat R ancl Q refcr to tho matrix; hut it will stilJ 
be convonicnt to havo !-lymbols fo r t lic model, 11,11Cl wc suggcst the 
symbols A (for a model in the attributc-space) and J (for a modo! in 
the individual-spacc). 

It seems likcly that t ite indccision frequently cxprcsscd conccrning 
the relative merits of R 11,nd Q-metliods stems partly from inadcquate 
understanding of the ruodels implicd, a nd wc bclieve that thc introduc
tion of t he new symbols will clarify the situa.tion. A matrix of inter
indiyjdual distanccs and an inter-individmtl correlation matrix are 
both Q; but the for mer implies relationships betwcen points in an 
A-spacc, the latter betwecn angles in an J -space. An attrihutc-correla
t ion matrix is R, and an individual-distance matrix is Q; but both are 
A-space models, the first concerned wit h angles a nd the second witb 
points. In fact, two Q-methods may require models which differ from 
ea.ch other more funclamontally tha.n do some R/Q pairs. 

B . ADJUSTMENTS TO 'l'HE MODJ•;L 

Virtua lly a.ll numerical methods mvolve difficultics concernecl with 
the dimensions of physical quantities. Only in truly qualitaLive data do 
t licse difficulties not arise; whatever the nature ofthe quantit ies which 
have been dichotomized, addition of either rows or columns of the data
matrix is interpretable in terms either of the number of individuals 
possessmg an attribute or of the number of attributes posse,;sed by an 
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individual. lf tite data. is q uanLitative ancl not ali i11 t he samc 11nits, 
addition of attributes across a, single indi vidual is not technically 
possible. This d ifficulty arises immediately in Euclidean distances or 
principal com ponents in t hc A-1,pacc, ami in corl'elation coeffü:icnts 
("hetween pcrsons" ) in thc I -spa cc. lt i,; clisecrniblc, t rJO, in thc t cnclcncy 
to regard principal com poncnts as '·tak ing out" a J>roport ion of a 
variance constrttdcd by thu illcgit inmte acldit ion of scparnte ,·a l'ia11ccs. 
I t is t,he invaria,hlc, ami inevitaule. coll\·ent ion in numcrical tnxonomy 
to regard a ll attributcs a ,; dimen,;ionlPs:s, aml hcntc ava ila hlc for 
al'i thmct.ica l ma nipulat ion; hut t hc highly autocra tic nature uf th i,; 
convent io11 m u:;t be dearly rca lizcd. 

Mct,horl :; whidt in volve t hc adrl it iun of difícrcnt, at.tri hulcs are not , 
in general , invaria.n t, under changcs in sc:-de of t,]11..: co-or<l inatc iLxcs . 
Thc init i:d sca ling of axes i,; thus irrcvocal1lc, ancl will i11 a scnsc 
uctermine the rcsults of t he ana lysis. Euclidean dista ntes a re ,·e ry 
sensitive to the sca les of the a.xes. but indc pcndent of t lie posit io11 of 
t,he orig i11 ; principal componcnts are vcry sern,iti,·e to 1,oth. 111 t hc case 
of Euclidean distances wc lmvc, we belicvc (Macnaughton-Sm it h 
et al., l!)G4; Williams et al., 19üJ), turned this se11siLivity to :;cale to 
a d rnntage , t hough a t t he expense ol"ending the analysis wit h a disjoint
s pace model. There teml to be two schools of thought concerni11g 
principal cornponents, tho,;c who lca,ve t hc nniance:; unchangccl and 
those who standarcl izc thum a li to nni ty; onc advantago of s uch 
standardization is t hat. it render,; tshc variates genuinel_y dirnem;ionless. 
Tt wonld be ec¡ua.lly permissihlc to standa nlizc the va riates by 
" importance" 111eas11rc~ a:; in t hc case of our sca lcd clistanccs; th is 
111igh t conccivably increasc t hc power of thc metlwd, !Jut it has ne,·er 
been t ried. ln fa ctor nnalysis it i:; usua l to rcsca lu tl10 factor:; to unit 
vnria nce a fter t,heir cxtraction. The position of t hc orig in is n far more 
intractable prolile 111 , s incc in h igh l_v heterogo11eo 11s da ta therc is 110 

obvio11s "bcst " place for it,:; location . Tt is traclitional to t a ke t ite 
rlecision appropria,te tn the multiva ria te 11orrnnl distril,ution anrl loei\te 
t-hc orig i 11 a.t t:hc common mca.11 ; ,1·c 011 rsc h·c. · ha ,·e 11 0 1 ,eLtcr sol u t ion 
to offer. 

l . lntroduction 

lf material is prcsl'lll l'd for dassificatio11 , it n111st l.ic s us¡,c<:tcd uf 
being heterogcncou:; in some way. Ln the contcxt o f' our model, this 
hcterngcneity uuty take two fonrn;. In thc f1rst. a li aLtrihutes rnay be 
mcaningfo l for, ami mcasur:tl ,lc on , a ll in<liv id ual,; ; but attributcs, 
eithrr singly or in liJ1ked group::;, may he 111a rked ly polymoda l. In t he 
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A-space model, the points form discrote galax.ios (we cliscuss tbe 
possibility of non-galactic hetcrogcncit.y below). Tn tho scconcl, tl,e 
attributes may, again either singly or in groups; becomc zcro. If only 
the zcro or non-zero nature is at stako (qnaJita.tivo da.ta.) thorc is no 
difnculty ; thc cli!Ticul ty ariscs whcn 111oasural>lo a ttri lrnLcs aro s01110-
times zero. For tho concept of "zcro" embraces two quite clistinct 
conccpts-that which happens to be zcro and that which mw,t he zoro: 
the number of ha.ir:; 011 t,hc third ¡mir of lcg:; may be zcrn in a n in:sect, 
but it m·ust be zero in man. J n man y cases thc pattern of zcros a nd non
zeros is itself of pri mary importance. 

2. The data-classe.s 

ince data nrn.y be hornogeneous, or helcrogeneous in cithcr or bot,h 
of two ways, we find it convenicnt to distinguish four classcs of data. 

Class 1. Co-orclinatos mcrumrable on ali a.xcs ; no snb-populations cvery
where zero on sub-sets of a.xes; distributions substa11ti11lly 11nimotlal 
on nll axes. 

Class 2. Co-ordinatcs rneasurnble 011 a ll axes ; no sub-pop ulat ions evcry
whcre zero on sub-sets of axes; polyrnoclal on at least somc ,ixcs, t he 
points form ing galaxics in thc A-spacc. 

Cfass J. Qualitative data , t he co-or<linatcs taking nll ly thc valuc:; O or 1 ; 
sub-popLdations cxist wh ic h are cvcry whcrc zcro 011 suh-:;ct:; (lf axes. 

Class 4. Co-ordinates mensurable on ni! axes; sub-popula.tions exist 
which a.re everywherc zcro on :sub-sets uf axes; distriliutions 011 tite 
11011-iero axe:; mny be polymodal. 

Class l , of course, approaches thc mult ivariatc normal clistributiun, 
and is of no interest in classificatory problcms. Class 2 data is thc raw 
material of taxonomy, so long as t hc illclividual:s are kllown to be 
closcly similar. Sincc random sa.mpling of individuals of witlcly tlis
parate nature wouJcl be pointless for ta xonomic purpo8Cs, t.hii,; rcquirc
mcnt is normally fulfillecl. Class 3 is the f11111iliar "prcscncc-or-alise11ee" 
data of thc ecologist; pcrha ps beca use of t he modesty of its mathcnmtical 
demands, it has been extensively studicd by " biological" biometricia.ns . 
1\Iorcovcr, owing to t,ho relativo easc with whi ch such daLa can be 
analysed, it is frcqucntly gcncra,tcd from Class 4 elata by dichotomizing 
the variates. It has, h owever, bcen pointcd out to us by Macnaughton
Smith (in litt.) t lrnt this rai:;es ii ncw difficulty. In ec-ology thc 1/0 
situation is truly asymmetrical , in that only tbe prcsenccs carry W<t·ful 
information, but this is not true in sociology; if 1 is takcn to rcprcsent 
drunkcnness, O represents sobriety, and both are meani11gful. It 
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rcmains only to say that Class 4 data are normal in sociology, and in 
ecology if a measured attribute (such as percentage cover) is used. 

3 . 1'ranspos-ition of data-classes 

The data -classes are not necessarily invariant under transposit ion . 
Classcs l ttnd 2 may become inter-conver tecl under A/1 transposition; 
so nmy Classcs 3 a11d 4, with ccrtain limitations. The naturn of the 
data may thus appear to chango markedly when transposed . We believe 
that this is one cause of the prcvailing nncerkLinty regar<liug RJQ 
differences: tm RJQ diITcrcnce is i11hcrcntly likely to be greatcr if it also 
involves un A /1 difference. 

4. Noda 

The tcrm " nodum" was apparcntly introduced by Poore (1955) in 
tho context of phytosociology; its numerical implications ha ve so far 
bcen examined on ly i11 the case of monothctic classifications of Class 3 
data (Williams and Lambcrt, 19G l a; Lambert and Williams, 1962). 
This concept is, howevcr, most ea.sily illust rated in Class 2. Consider 
points in a 3-space, dispo:;cd within two elliptical cylinders whose long 
axes are parallel to t he Z-axis . Thc projection on t he (X , Y)-plane will 
show two sharply-defined gala.xies; project ions on the other two planes 
will show no strikingly galactic structure, and may not even sepa.rato 
tho two cylinders. A nodum, in our definition, is an enumcration both 
of a set of points a nd of t ite set of axes in which the points constit ute a 
galaxy or "cluster" . In Class 3 data, a nodum consists of an enumera
t ion of a :et of ind ividuals and of a set of attributes for which t hey aro 
suhstantially a li non-zero. 

Noda may be regarded as foci arotmd which the population is vary 
ing; t hey are potentially of great vidue as a basis for shedding peripheral 
i,ú orma.tion. U nfortunatcly, no general met hod of extracting them is 
yet known. We now inclino to t ho view that the solution provided by 
WilLiams an<l Lambert (19G la) is open to objections; it is in any case 
a pplica.ble only to monothetic sit mitions. One of us (Dale, 19G4) has 
canied out a preliminary investigation into the characterization a nd 
combinatoria! properties of noda, but the problem is as yet far from 
solut ion. 

The difficulty is more fundamental than may appear at first sight. 
The existing method involves setting up the two models (n points in 
p -space a nd p points in n-space) and collating t he results; but the 
concept of a nodum as "central" information intrinsically requires 
that the individua,ls and attributes be ma.nipulated simultaneously . 
This is impossible so long as either is regarded as (t set of points in a 
space defined by co-ordinu,te axes of the othor. Despite our advocacy 
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of a Euclidean model, and despite its incontesta ble power , the search 
for nodal techniques may yet force us to abandon spatial models and 
seek methods of maximizing sorne function of a data-matrix which 
shall be symmetrical as regards rows and columns. 

5. N on-galacti c heterogeneity 

In Class 2 dat a, the points need not cluster into galaxies ; they ruíght, 
for exa mple, be disper.sod along intortwincd fila ruonts , or on t hc surfaccs 
of concentric spheres. We are not aware thu.t a 1ty such da.tu. have uccn 
reported (except, of course, in ecologica l sit ua tiom; wlierc pa.ttcrn 0 11 

the ground is at issue); but if it were to be suspectcd a part icular 
strategy of analysis is indicated (·u·ide Section VD J(ii ·i ) l,elow). 

V. S TRATEOY OF A NALYSIS 

A. SI111PLIFICA'l'ION METHODS 

By "simplification" we intend some mcans of rcclucing thc d imens ions 
of the original Euclidean model, so that tbe data can be displayed in a 
small number of dimensions with the mínimum loss of informat ion. 
The process may fulfil any of three qlLite <listinct functions, t huugh 
these are seldom clearly distinguished in t l.te litera ture. 

J. S·ubjective classification of cornplex data 

A taxonomist may legitimately not wish to invoke oujective numcrical 
methods, preferring for sorne specific purpose to utitize his own know
ledge and experience to delímit t axonomically intructable material. 
The data may nevertheless be specificd by too many a ttriuutes for t he 
taxonomist to ha ndle confidently; the rcquirement is to find tra ns
formations of the orig ina l attributcs which can be graphed i11 two or 
th.ree dimensions . Princip al component a nalysis is commonly uscd for 
t lüs pu.rpose, but is in trinsicuJly liable to produce a <lilemrna . Jf t ite 
dispersion matrix is used, the data. is in no wny distorted; but if any 
of thc uttributes have n.pprccii~bly highcr vur innco tlmn t ite re111a i11der, 
these a ttributes will domínate the a na lysis, so provid ing informn.tion 
which could have been more simply obtaincd by univariate inspcction. 
lf, 0 11 thc other hn.nd, the corrclat ion matrix is used- ns iL 110rn1a lly is
the data being classified is not the original data,. The Hotclling solution 
commonly given in text-books involvm; two successivc ·tandardizations 
to ttnit varin.ncc-fin; t of thc att.ributcs, then of the componcnts
and so st ill fu.rther distorts the origina,! data. 

Factor n.nalysis has occasiona Uy bcen used for the so.me pu.rpose, bnt 
the element,s being so classificd are further removed again from t hose 
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spccified by thc orig inrd data .. Howcvcr, t hc case rcporLcd by f'ctte t t 
( l 960), of a popub t ion of l' inlci s pp. which showcu markcd d iscorüinuity 
on thc fust factor hut not on thc first component , is potcntially of grcat 
intercst , and would merit furt l,cr invest igation. 

Rclatively crudo approx.ima t ions to such methods ex.ist in the 
li tera t u re ; thc mct,hod of Curl is ( 1959), for cxa.mple, can be rega rdcd :ts 
an approx.inmt,iun to a componcnt ana lysis \\' it h the origin outsiuo the 
populat ion , a t t he point of i11tersect iun of t he tangcnt -plancs per
pendicular to thc a xe,; of t hc hyper-cll iµso id . Thc cocllicien t uscd Ü; thc 
qua nt itat i ve countcrpa.r t of ~ci / (2a + b + e) a nd is tlms non-motric. Such 
methods wcrn 11navoidablo whilc comput ing fa e:ili l ies were limitccl ; now 
tlmt fast programmes cxist f'or t hc caleul:Lt ion of largo tlisporsion or 
correlation matrices , a ml for lhc cx.traetion of thcir roots a11Cl Ycc·turs, 
t hcrc is li ttlc point cvon in such approxi11 iatio11:; as t.hc cc11troid sulut.io11. 

2. Prelimh w.ry c·i:aluation of data 

A non-proba li list ic approach iu praci icc nccessa.rily assumes that 
therc is heterogeneity to be fountl ; bnt it may we ll be J csirecl t o explore 
the gc11C' ral config 11 nü iu11 c1f' Ll1i,; l1dcrngcncity, whclltcr or 110 it i,; 
evorywhcrn sharply -(lcfineJ. allll wltcther orno it is galactic. Unlc::;s the 
data i::; c x.cept iona.lly complex, t hc fi rst t,wo en· t hrne prill(:ipa l com
ponent::; will normally pruvidc l hc infornmt ion requirccl. 

3. Generat·ion of " imderlying f actor'' hy7iothese.s 

l t 11my !Je dc;;ircd to ercct 11y pothcses more for-rca ch ing than thosc 
[Scctiun lJ E J J whit:11 are p11rcly dassificMory; such lty potlrcses 
nornw.lly takc t he form of postulating the existenee of a small number 
of unclerlying ' ·fo ctors" which ,,·oulcl be sufficicnt, to gcncrate thc i11tcr
relatio11shi ps wiU1i11 tire ent irc 1111111crica l systcm w11lcr st11Jy . Jt, is 
natuml to explore tite sim plest possible hypot heses- i.c. t hosc t hat 
can he eo11ta i11cd in thc :; 111:dle,;t 11urnber of postula.!.cd factors- with 
tluc rogar<l to Kc11ua ll's ( 195 7) warni11g thu t " this sccms to assumo on 
Na.t ure's purt a, much more indulge11 t bclrav iom t han wc ha vo any 
right to cxpcct " . l f elassica,l mctlr ods are in use-as d ist inc;t frnrn tlwse 
max._imum li kdihood mcthods ( La.wlcy a ntl Max\\'cll, 1963) wh ich do 
not rcquirc ro ta t ion- t hc a ppro priatc solutiun is itern,ted comrnuna
lities, cloublc sta,11dardiz,tt.io11 and rotation to simple strncturc. Rotation 
norm:i lly a ims a.t provid in~ tite s impl<'st possihlc rela t ion,-,hip bct,,1•cc11 
oltl and 11cw axes; lmt it, may in,;t,ead be reguircu tu scck the simplc::;t 
p ossible relationship betwcen individunls and new a xes- the solut iorn; 
are not necessa ril_y idcntiC'a l. J11 en.se,; of ex.treme l1eterogeneity, Dale 
( l 9G4-) has shown that tlrcrn may be no factor-analy tic ,;olut io11 : there 
may be no rc,d \'aJucs of thc corn111u11a lit ics \\'hich \\'ill suustantially 
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reduce the order of the matrix , and the centroid iterntion of communa
li t ies may foil to converge. 

These methods are current ly out of favour, probably as a resul t of 
the · incautious claims which have in the pa!:it becu rnadc for them . 
They do not " revcal" or "domo1wtrate" any structw·e in tho data. ancl 
we deprecate the tendency to •'identify" the factors which are extracted. 
If tbey a.re regarded pnrely as hypothcsis-generating systems thcir use 
is tmexceptionable, and they are potcntially of great power. 

H . PA HTITI0:-1 

Attributes may be such t hat not only a re t hey pre:-;ent or aln;cnt, 
(ancl the pattern of prcsences or ahscnccs importa nt) lrn t t,hey may 
iilso, if present, be mcasurablo. Such situations are more 00111 111011 t,han 
is usu1tlly realized . In particular, the data. of plant ecology ,trc of t his 
type if a measure sucb as percentagc cover is in use. They a rise in purc 
taxonomy if, for given types ofspecimens (suchas herhari u111 sperimons), 
sorne a t tributes cannot be observcd; and t hey arise in sociology if 
parts of a questionnaire are not a nswered. Esseutially, t he data is of 
Class 4, a nd the primary need is to ascer tain whether the majar hetero
geneity is qua li tative or quantitative. We havo snggested elsowherc 
(Williams ancl Dalo, 1962) a method hy which this ma.y he cffected , but 
t.he computation is hcavy und 110 computcr p rogramme cxists nt prcscnt. 
'fhe mcthorl consists essontinlly of n. partition into qualitativc a.nd 
quantitative elements; it can be extended without difficulty to the 
tbreefold system (known /unknown): (if known , present/alisent): (if 
known a nd present, then measurcd). v\le incline to t he opin ion t.hat 
Class 4 data should normally be partitioned- i.c. separntccl into Ulass 2 
and Class 3 elements-before numorical analysis; but the methods of 
subsequent analysis will rcquire modifica tion from their normal forms, 
and no investiga.tion of this kind has yet bcen attempted. 

C. NOX-HIERARCHIC.\L l\lE'rll OOS 

'l'he most familiar non-hierarchical mcthod is that which uses 
ca11011ica l varia.Les (R ao, 1952) for tho compari:-:on of groups of indivi
duals. Recent exampJcs a.re mai.nly zoological, though the mcthod has 
been used successfully on Pop1tl1.ts, B elula and Ulmii..s spp. by J.l\1.R. 
Jeffers (personal comm unication) and h is colla.horators. Like all met ho<ls 
related to the Maha lanobis JJ2 st,atistic, it is notapplicablc to indi viduals 
or to groups not known a priori to be sufficiently similar to sha.re a 
common withi.n-group disper ion matrix, and its detailed consideration 
is therefore outside the scope of this art icle . 
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Component analysis a nd factor analy1üs are non-bierarchical, but 
He norma.lly made t ito bas is of subjeetive elassifir.ation: c-ompletely 
objoctivc non-hierar chical methods, such as the "multi -dirnensional 
group a,nalysis" uncler dovelopment by R . . Jancey (personal communiea
tion), secm to be extromely raro. We havo aL:eady pointed out (Section 
TI D) that hierarchieal elassifications are eommonly regarcled as desir
,tblc by t,he uscrs, a.ne! it is prc:-;uma.bly for this rcason that t hoy clominate 
thc li terature. Despitc t hcir intrinsic thcoretical interest, we incline to 
the viow that non-hierarchical methods are oflimited value in numerical 
taxonomy. An excoption shoul1l per haps be made for the mcthocl 
associated with Tanimoto: but this, t hough non-hierarchical, is closely 
rolated to certain hiorarchical systems, ancl it wi ll be more convenient 
to dofor it: consideration to the section which foUows. 

O. HH;RARC1IIC_-\L lllETHODS 

J. General considera.tions 

i. Pairs 

Hiorarchical mothocls tire completely domina.tecl by the concept of 
nll posi;i ble pairs of poin ts or of n.xos. 'l'here is no difficulty in conceiving 
mothods based on a.11 possiblo t riangles or tetrahedra of points, or aU 
possible solid angles. We know of no work of this type. It would in vol ve 
far moro computation than do t he pair-systems, and until it is certain 
that a li po:sible powor has bocn extractcd from such systems, it is 
doubtfu l whether more complex methods are worth pursuing. 

ú . Direction 

The analysis may either begin with the entiro population a nd pro
gressivoly break it down (divisive methods), or begin with the 
indi,·iduals and progrcssivcly fusc thom (agglomerative methods). 
The rclative advantages and disadvantages are best discussod in 
connox ion with specific systoms; it is only necessary here to point out 
thn.t, if a hicra.rch ic-,d clnssification is requircd, monothotic mothods 
c-an11ot (except in a trivial sonso) be agglornerative; nfter the first groups 
ha ,·e bcon ftmnecl t horo may be no a.ttrihute by which thcy can bo 
fm;cd. 

iii. Sorting 

Thc prohlem hero muy be recluced to thnt of defining a, distance 
Lctwccn a point and a set of points, and is particularly relovant to the 
agglomerative methods. Threo methods are in use. In the first, the 
<listance is definecl as that hetween the point and tho nearest momber 
of the set (" nearest-ncigh bour" sorting). Sin ce th is uses only a small 
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part of the availa ble informa tion concerning t he set, the rnethod is 
normally regarded as lacking in powcr. It is, however, computat ionally 
very economical, requiring the calculation of ½n(n- 1) distance::i, and 
it is the only form of sorting which will elucidate non-galactic hetcro
geneity. In the second method , the distance is defincd as t he avcrngo 
of all the distances between the point and t he i.ndiviJual mem bers of 
tbe set. It requires the calculat ion of (n-1)2 distances or averages of 
distances, but domands complex sorting procedures to use t he cah.: ula
tions economically. It is never theless t he only mctl10d which has 
regard to set density. Lastly, the set may be ropresonted by thc co
ordinates of its controid. This also requiros (n-1)2 cidculat ions, b11t 
the computational strategy is very simple; it is our opinion t hat thc 
simplicity and elegance of strategy that this method a llow::i conclusi,·cly 
j ustifies i ts use. 

2. M onothet1:c sub-divisive: "association analysis" 

For detailed accounts of the use of t he method, see Williams a 11Cl 
Lance (1958), Williams and Lambert (1959, 1960, l!)(i l b). It uses 
derived-structure maximiza tion ; z2;k is calculated between eYery pair 
of attributes j and k (in terms of t he number of indiviclnal,; posscssing 

or lacking them singly or joi.ntly) a nd the s um k;/ 2
ik i::i formed of al i 

the x2 which involvo a particular attribute j . Sub-divif¡ ion is on tho 

attributeforwhich k;/ 2
i k is maximum. Sincoforthe 2 x 2 ca;.;oX2 = Nr2 , 

the parameter may be rcgarded as k;/2;1; ; in t his fonn tho metl1ud i:s 

possibly applicable to quantitat ively-specif-ied data. (m.de Da.le , UJG-1-, 
for a method of sub-division on a quantitativo va riable) but nu work 
of this type has yet been w1dertaken. Tho original investigations in 

fact useclk!j lr;kl assub-division-paramoter ; but priva.te eommunications 

from H. Stein (usinga multiple-regression model) and from P. Macnaugh
ton-Smith (using an informat ion-t heory model) havo indopend C"ntly 
demonstrated that Lr2 is t he efficien t parametcr if the greatcst rcduc
tion of residual variance is roquircd. La wlcy (in litt.) hn.s pointed out 
that, as originally suggestod , L jrj muy be rogardcJ as a erude a.pprnxi
mation to a factor analysis (using averoid communalities), and t lrns 
may perhaps be treated as a monothetic approx.imation to a.n essentia.lly 
polythetic Rystom. Empü-ica.l trials 0 11 ccological data havo :;uggcstcd 
that Llrl has in fact cer ~ain advantages: in particular it is lcss sonsitivc 
to the presence of "outlying" i.ndividuals, whose innato simila.rit ies it 
may preserve. The more efficient Lr2 tends to split off outlying indivi-
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dua ls as singlc-mcmbercd sets , t hus fragment ing thc a na l_ysis . F urther 
compara ti ve tests on different Lypes of data are desi.rablc. The meth od 
has now becn used in a. variety of contexts and appears robust in that 
it is not unduly sensitiva to oecasionaJ errors i n t ranscripLion of data . 
I t is, however , extremoly sensit ive to "nuisance correlations" as defi ned 
in Scction II C 4 ; becausc of the largc contribut,io11s t ha t such corrcla
t ions can ma kc lo L1'2 , t hey a re int ri11sically liahle to dominate t hc 
analysit;, 

The largcst individ ual z2jk has bccn w;ed as a, measurc of " ra nk" for 
ca ch succcssivc sub-tlivi,:ion . a ncl Williams and La mbert (1 900) givc 
reasons for not using more sophistieated pa ran1clen;. 'l'lw measure is 
nevert heless unsatisfaüt,01·y, sinee it does not ncccssarily fa ll with the 
hicrnrchy; this is parLicula.rly trnuhlcsome at t he low1:r levels of sub-

di visio11. Wc have so111c reaso11 1 o heliC\'C that, k L .x2
1-,. would ue a bettcr ·,t,J. ~ 

mcasurC' , and \ \'C proposc to subject t hiH possibil iLy to emp irical test. 

3. Polylhel·ic agglomem tive: "simüarity" analyses 

Most of tho publiHhed accounts of :-uch mct,hods use parn mctcr.
which we co11sider urn:atisfactory for rcasons giH•n in 8cctio11 l lT 13, 
often comuinecl wi th i11e \·itable b ut rclatively i11cfficient lta nd -sor li11g ; 
these rnetho<ls need no crit ica] examina tion . \Ve .;hall alsu exclude 
information stat ist ics a nd the Gooclall p roha blistic C"ocfficient, since 
no fully dcveloped methods a re yet in u;;e . \ ViLh these p rovisos, t here 
are currently only thrcc gerntinely dist inct metho<b, associa LC'd re
speetively wiLh :,neath , wi th T :wimoto and with ourselves . Wc consider 
Lhese in tum . 

i . Sneulh: 1m1.aiyhi<'d m e//wds 

R cfcrcnccs: Sneat h (1957); 8 nea th a nd Cowan (]!)58); Snlrn l and 
8nealh ( HJU,i ). The earlier \l'Ork 11sccl the q uasimeLric coeffi cien t 
a /(a + b + c), t hough in his more recent writ ing, 'neath , likc ow-sch ·es, 
inclines towarc.ls t,he fully rnf't L"ic (a-j-d )/(a + b-1 c+d ); t ho ear licr work 
also used 11earc,;t-11oighuour sort,in g as a com puta tiona l com·enicnce, 
tho11gh herc a lso Sneath concedes t he g rcat C'r p ower of group-sorting 
tcclu1iquc:- \\·hc11 compu latio11n l fo cili Lic·s are a va ila ble. 'l'he important 
fca turo of his methods is t.ho :;t rict adhercnce to tho Adansonia n 
post ulato that , unlcss Lbere is sorne spceia l reason for so doi11g, all 
a t t ributes a re equal a n<l shuuJd not be weighted . A difficulty immedj
ately ariscs if only fcw a ttributcs are available or if many uf the 
a ttributes are lacked or posscssed by nearly all t be inuividuals: the 
int rinsic informa tion content per individual is so low tlmt it is impossiblc 
to spccify the ' ·best " fosion a t a ny stage. S11cath has a hrnys macle it 
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clear that his methods are not applicable to such data, and stresses 
that the number of attributes used should not be less than about 40. 
Despite the undoubted successes tha t his methods have achicved with 
suitable data, we bclieve that this lim.itation is a severe and undcsirablo 
restr.iction on the widc appl.ication of the method. 

It is clear that th.is rest riction can be overcome if further information 
can be iruported into thc system at t he individual level, wlúch will 
necessarily involve sorne form of weighting. On the assumption that a 
priori importance measures are undcsirable, the only remaining source 
of ü1formation is contained in such a posteriori mcasures as can be 
obtained from the populat ion as a whole. The remaining two mcthods 
offer different solutions to this problem. 

ii. Tanimoto: we·ighted individuals 

Tanimoto (l 958); Rogers and Tanimoto (1960). Th.is m ethod in fa ct 
uses a quasimetr.ic coefficient, but this is not important in t he prescnt 
context. The coefficients a.re sunuued for a ll individua.Is , thus providing 
an a posteriori importance measure for each individual; the individuals 
w.it h the h .ighest values are uscd as " apices" for bcginning t}ie aggornera
tive process. Unfortunately, the existing sorting process is non-hier
archical and involves decisions on the part of the operator, and , as 
Sokal and Sneath (1964) point out, the increasing tendency to separa.te 
operator from _computer renders "s teercd" programmes undcsirable. 
Despite the early successes of the method, its sort ing strategy requires 
revision; if its concept of information-impor ting can be combined with 
tile use of a fully-metric coefficieut ancl a mcchanica l (a ncl prefombly 
hierarchica l) sorting system, the method, a lready of great intrinsic 
interest, rnight be a widely applicable strategy of considerab le power. 

iii. Williams et a l. : weighted attributes 

Williams , Dale and Macnaughton-Smith (l9G4). This mctltod uses 
Euclidean d istances in an A-space with axes permanent ly scale<l Ly 

tbe a posteriori importance measure of Association Analysis, i.e. k~/2
;k· 

Its successful classification of a 6-fittribute popula tion <lcmonstratcs 
that it is free from t hc a ttribute limita t ions of Snea t h 's unweighted 
method. Its chief demerit is the use of in variant weights: t he ana lysis 
is nccessarily dominated l,y what may looscly Le rogardcd as " firs t
factor" relat,ionships. 

4. Polythetic d·ivisive 

Several. authors (vide, e.g., R cscigno and Maccaccaro, 1960 ; Cochran 
F 
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a nd Hopkins, 1961 ;Macnaugh ton -Smithetal. , HJG-!}have considered the 
general problem of find.ing what is in sorne senso tho best of a ll possible 
alternative s ub-clivisions; but the o nly practica! method known to us 
is tha t of E<lwards (1903). This calculates between / wit hin par t it ions 
of Euclidean distances for a ll possible sub-divisions into two groups. 
Sin ce tbere are 211

•
1 - l such sub-di visions, t he method is necessarily 

limited to a s mall numbcr of indiv iduaJs; am.l since the distances a re 
nnweighted, sorne difficultios clue to ambiguity may be expoc:ted ut 
low levels of division. 

If the number of individuaJs is to be incroased to realistic proport ions , 
sorne form of " directed search " is inevitable. The Macnaughton-Smith 
et al. "dissimilarity analysis" finds, in accordance with a stated criterion, 
the ind ividual least representati ve of the population as a whole; this 
individual is t hen used as t he basis for a sub-populi.Ltion , and the remain
ing iudividuals allocated sequent ially to this sub-population or to t hc 
rem ain<ler o f the population. The "objectively-weighted Euclidea n 
clist ance" of Soction V D J(iii) abovc has been uscd as criterion in thc 
preliminary trials. Tho method h as two advautages. First, t he computa
tion required, though still considerable, is consiclerably less tha11 is 
required for an "ali possible sub-divisions" method. Seconclly, the 
weights for the axes can be recalculatecl for ea,ch s uccessive sub-divisio11, 
t hus removing the " first-fa ctor" depenclence of the corrcspondiJ1g 
agglomorative metho<l. The p rescnt criterion has t he cli,m<lvantage of 
defining a disjoü1 t-space modcl. 

5. General conclusions 

If a monothetic classification is dosirotl, associution nnalysis is clearly 
in<lica tc<l; if a mo11othctic t:las,; ificntiou is accoptablc , n.nd if p ~ n 
(as is oftcn tlic case), thc computa tion rcqtúred is lcss tha11 li.1r othcr 
mcthotls, a nd association ana lysis is again inclicatcd. Jf a polyt,hctic 
classification is essent iul, a sub-divisive methocl whiclt will provide t hc 
m ajor d iscontinnities at t he beginning of a nalysis is obviously pre
ferable; we can only say that " dissimilarity anaJy¡,i,;" i:; hows consider
a ble promiso, thoug h fur thor devcloprnent ancl expcricnc;c is 11ecessary 
before it can be unreservedly recommendcd. 

I t is in the agglomcra tive field t hat we fine! oun;elves most at variance 
with cun-cnt practico. Wo bclieve that t he complctely Wl\vcig htod 
methods lack power, a nd a re only suitable where very sharply definctl 
heterogeneitics oxist ; we suspect that t he "clou<ly clusters" stigma
tized in a rccent Aslib discussion (19G2, p . 258) as "a crit icism not of 
the method, but of the m a teria,!'' may yot be founcl to be duo to using a 
method of insufficient powcr. Fmthermoro, we consitlcr that weights 
c,Llculate<l internally from t he <lata cont.mvene only the letter, a nd not 
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the spirit, of the Adansonian postuJates : Adanson could harcUy have 
foreseen the possibility of interna! weighting. 

It wiU not ha ve escaped notice that we incline towards the use of 
methods in whoso developments we have ow·selves been concerned. 
This is inevitable, since had we not been clissatisfted with existing 
methods we should not have beon led to devise our own. lt <loes not 
follow·that we are right: when all the programmes are freely available, 
the users will decide. 
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